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Abstract

This article investigates a generalised solution approach for transient viscoelastic flows 
employing consistent dynamic boundary conditions. Such a procedure vaunts three key 
properties - independence of reference frame, problem dimension and constitutive equation 
type. Three different boundary condition protocols have been investigated, two transient and 
one steady, through a time-dependent incremental pressure-correction formulation with a 
hybrid finite element/finite volume scheme. These procedures are compared and contrasted 
through application to pressure-driven start-up flow in 4:1 planar rounded-corner contractions 
for two fluid models, Oldroyd and pom-pom. Some novel differences are highlighted in the 
dynamic evolution of flow structure and the impact upon stress generation, as a consequence 
of protocol, whether steady or transient, under flow-rate or force-driven control. Overshoot-
undershoot kinematics observed under any particular flow protocol have been mutually 
linked to the precise boundary conditions imposed. Under flow-rate controlled protocols, 
large oscillations are stimulated in pressure, which may disturb computational tractability. 
Comparatively, the evolution of force-driven flow can provide considerably smoother 
development patterns in pressure, with largest attached vortices and strong oscillatory vortex 
structure features. Specifically under transient flow-rate control, some distinct complex flow 
features have emerged, including reversed flow, followed by vortex detachment and 
reattachment. For pom-pom SXPP-fluids and force-driven protocol, transient flow 
development is observed to be relatively smooth and non-oscillatory at a Weissenburg 
number of unity. At larger levels of Weissenburg number, transient overshoots have been 
detected in characteristic variables of stress and molecular backbone-stretch. In addition, 
Weissenburg number continuation to steady-state, has been shown to disconnect the 
dynamics between velocity and stress, which prevents highly-elastic localised regions from 
developing.

Keywords:  Viscoelastic fluid; transient flow; boundary condition; pressure correction; pom-pom 
model
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1. Introduction

The numerical simulation of transient complex flows of viscoelastic materials is an 
important area of study in many industrial and natural processes. This is due to the 
fact that the nature of common flows of complex materials are essentially time-
dependent, revealing some important viscoelastic phenomena, see [1,2]. To conduct 
transient simulations for viscoelastic flows, it is important to develop accurate and 
robust numerical procedures that can handle transient boundary conditions and non-
linear/implicit constitutive equations, see for example [3,4,5]. To this end, a novel 
time-marching hybrid finite element/finite volume (fe/fv) algorithm is employed for 
Oldroyd-B and pom-pom model fluids, and for flows in planar rounded-corner
contractions. This combines an incremental pressure-correction fe-treatment for mass 
conservation and momentum transport equations, with a cell-vertex fv-discretisation 
of the hyperbolic stress constitutive equation.

Our particular interest in the present study is to investigate the computation of 
pressure-driven start-up, viscoelastic flows. In this regard and more recently, 
significant progress has been made both in the development of numerical methods 
and the underlying understanding of the rheology of complex materials. Nevertheless, 
for some transient computations, specification of a consistent set of initial/boundary 
conditions (IC/BC) remains the subject of debate, and particularly so, for constitutive 
models with complex mathematical structure such as the pom-pom model. The 
novelty of the present study lies mainly in developing a generalised approach for 
imposing BCs upon pressure-driven start-up viscoelastic flows and comparing this 
approach with some more traditional flow-rate controlled protocols. Here, both 
controlled force and controlled flow-rate configurations are adopted to develop 
transient inflow-outflow boundary conditions. In this fashion, we demonstrate how 
alternative forms of BCs can significantly influence evolutionary flow dynamics, as 
observed through vortex development and stress field generation. We observe that
inconsistency and sharp change between ICs and BCs can produce heavy oscillations 
in the ensuing computed solutions, and hence, stimulate large numerical perturbations 
that may subsequently degrade solution accuracy. We have allotted in the present 
work to restrict attention to the rounded-corner geometry alone, removing uncertainty 
associated with the corner singularity (as dealt with extensively elsewhere [7,11]).

First, we summarize the relevant findings of our previous studies appearing under 
references [6,7,9-11]. In two articles, Webster et al. [6,7], we considered a transient 
problem for planar start-up channel flow and Oldroyd-B fluids. This flow was 
equipped with an analytical transient solution in velocity and stress, provided by 
Waters and King (W&K) [8]. We demonstrated numerical accuracy to a second-
order, considering various fluctuation-distribution stencils with alternative finite 
volume time-stepping schemes, capable of capturing physical oscillations accurately 
in the transient regime whilst retaining stability. Furthermore, we extended the work 
to a more realistic problem, where we also studied a start-up, 4:1 contraction creeping 
flow, employing two different forms of boundary condition setting, time-dependent 
versus static. In reference [9], we investigated a two-dimensional Cartesian flow 
problem to validate the accuracy of our favoured hybrid fe/fv scheme for the flow of 
an Oldroyd-B fluid. There, analytical steady-state solutions were compared with 
numerical solutions of second to third-order spatial accuracy. Furthermore, steady 
Oldroyd-B solutions were derived in Aboubacar and Webster [10] for abrupt, planar 
4:1 contraction flow. There, it was shown that our results concur well with the 
literature and convergence with mesh refinement was demonstrated through salient-
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corner vortex-size and stress fields. In addition, close agreement was extracted 
against theoretical corner-solution asymptotics in both velocity and stress variables.
Moreover, Aboubacar et al. [11] examined the flow response for fluids of varied 
shear and elongational properties in axisymmetric and planar 4:1 contractions, 
selecting Oldroyd-B, and four Phan-Thien/Tanner (PTT) models. At any fixed We-
level, sharp-corner recess vortices were generally observed to be larger than with
their rounded-corner counterparts, somewhat in qualitative agreement with 
experimental evidence.

The governing equations of motion for viscoelastic fluids encompass the 
continuity and momentum equations, with a constitutive equation which reflects 
material response under deformation. These space-time partial differential equations 
(PDEs) are non-linear and of mixed-type, parabolic-hyperbolic. For the computation 
of transient viscoelastic flows the need to impose a consistent set of boundary 
conditions is essential to extract a meaningful solution. Nevertheless, incorporating a 
consistent set of transient BCs for general constitutive equations and for complex 
flows is a non-trivial task, often with a lack of provision of analytical description. Our
generalised approach meets this deficiency. For viscoelastic flows, two main 
approaches have been deployed in the literature to incorporate inflow and outflow
type BCs. Typically, these are considered as simple shear-flow conditions (often 
steady), reducing to one-dimensional ODEs (ordinary differential equations) for both 
velocity and stress. In the first approach and for some constitutive models of straight 
forward mathematical structure, transient analytical solutions may be extracted. This 
is true for example with constant shear viscosity Maxwell/Oldroyd-B models in a 
channel flow [8]. Such dynamics, or their limiting steady-state forms, may then be
imposed at inlet for both velocity and stress, and at outlet in velocity alone. This 
determines the controlled flow-rate scenario commonly encountered. The second 
approach is a controlled force-driven configuration, as used in Bodart and Crochet 
[12] for the transient simulation of the falling sphere problem. Force-control may be 
instigated through the application of a controlled pressure-drop across a flow domain 
(say, impulsively imposed), built into the problem via force-type BCs (boundary 
integrals in a weak-form solution).

Under the controlled flow-rate instance, the application of steady-state BCs is often 
conducted in an inconsistent manner with respect to the interior evolving solution. 
We proceed to demonstrate that this standard modelling practice, of imposing steady-
state BCs in contraction flows†, may result in large oscillations in pressure-transients,
which adversely influence the evolving solution dynamics. To rectify this position, 
we may adopt the force-driven protocol and mimic more closely the actual physics of 
the flow. We note that many flows arise under driving force conditions, such as under 
pressure-difference or gravity. As such, a key aspect here is to impose a pressure-
difference across the flow as a boundary condition, and compute velocity and stress 
on these open boundaries. To this end, we advocate a natural boundary integral
formulation on such boundaries to incorporate the associated kinematics. Inlet flow 
conditions are considered as pure shear flow, so that convection terms vanish, and 
stress can be computed without upstream reference. This procedure can assist in 
providing several distinct advantages: independence of the coordinate system, 
dimension of the problem and constitutive equation type. More importantly, this
approach is consistent with the flow dynamics and is straightforward to reproduce, 
both experimentally and numerically. In addition as we shall demonstrate, such an 

                                                
† Presumed sufficiently displaced from the region of complex flow adjustment (around the contraction) 
to be removed from influence upon the solution.
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implementation does not result in large pressure-transient oscillations, so that the flow 
is observed to smoothly propagate.

2. Governing equations and flow problem

Incompressible viscoelastic flows are governed by equations for mass conservation
and momentum transport, with a constitutive law for stress. In non-dimensional form, 
the balance equations under isothermal conditions may be represented as

. 0 u (1)

Re Re . .( 2 ) ,p
t


     


u

u u + d (2)

where u, p,  represent the fluid velocity, hydrodynamic pressure and extra-stress. In 
the present study, we have recourse to both Oldroyd-B and pom-pom models, and 
employ a generalised formulation to express the constitutive law. The Oldroyd-B 
model has constant shear viscosity, strain-hardening viscometric properties, whilst the 
pom-pom model has shear-thinning, strain hardening-softening properties. This 
notation encompasses the Single Extended pom-pom (SXPP) model, which requires 
four additional parameters (q, ε, λ, α). These parameters govern the number of side-
branch arms to the backbone segment (q), system entanglement (ε), the stretch of the 
back-bone segment (λ), and the degree of system anisotropy (α). Such a generalized 
constitutive equation statement takes the form:

         1 We
f , We f , 1 2 1

1We

   


 
         

I d      . (3)

Here, d= †( ) / 2 u + u  denotes the rate of deformation and I the unit tensor. 

Furthermore, 
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In the function f(, the free parameter ν is estimated by data-fitting and found to be 
inversely proportional to the number of side-branch arms dangling from an end of the 
molecular chain-segment (ν = c/q, with c taken as 2), see Blackwell et al. [13]. With 
the single-equation form of the pom-pom model, the back-bone stretch parameter is
identified through the algebraic expression‡,

   1 We
1 tr

3 1



 


 . (6)

The pom-pom model has been specifically derived to characterize the rheological 
behaviour of polymer melts with long side-branches, such as applicable for low 
density polyethylenes [14,15]. The Oldroyd-B model is extracted when setting the 
Gieskus parameter (α =0) and f(through appropriate selection of parameters.
The conventional definitions of group numbers, in Reynolds (Re) and Weissenberg
(We) numbers, with parameters β and ε are defined as:
                                                
‡ Essentially, this formulation is a collapsed form of the double-equation version of the pom-pom 
model (DXPP), where a differential equation dictates the change in λ(t).
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In this notational form, λ0b and λ0s represent the orientation and backbone stretch 
relaxation time-scales, respectively. Go is the linear relaxation modulus and the 
parameter ε is the ratio of stretch to orientation relaxation times. For contraction 
flows, the characteristic velocity (U) and length (Lo) scales are taken as the 
downstream mean velocity and channel half-height, respectively. ρ is the fluid density 
and   is the fluid viscosity, that splits into additive contributions from a polymeric, 

p , and Newtonian solvent component, s . To preserve correspondence between the 

versions of non-dimensional Oldroyd-B and SXPP models, we define μp= G0λ0b. 
taking the ratio of solvent to total viscosity as 1/ 9  , a literature standard 
benchmark and high-polymeric choice.

In this study, creeping flow is principally assumed throughout 2Re O(10 ) and, as 
such, the momentum convection term contribution is negligible. Then, to fully retain 
the time-stepping structure of the algorithm, the inertial scaling is absorbed within the 
momentum time-step. Nevertheless, findings are also cross-checked against the 
inertial setting of Re = 1, where no such scaling assumptions are necessary. The flow 
domain in question is that of a 4:1 planar, rounded-corner contraction geometry, 
considered at an elasticity level of We =1. This choice removes any uncertainty 
associated with sharp-corner solution singularity, relevant for flow about an abrupt 
corner. The meshing used in this study is illustrated in Fig.1b, with characteristics of 
2593 quadratic elements, 5652 nodes (mesh Rm2 of Table 1), and a minimum mesh 
spacing (incircle of smallest element) of 0.01 located around the corner. To 
demonstrate solution mesh-independence, we have also performed simulations on two 
additional meshes, Rm1 (Fig.1a) and Rm3 (Fig.1c), the characteristics for which are 
also supplied in Table 1.  Furthermore, we may comment that extensive mesh 
refinement for this problem has already been conducted and appears elsewhere in 
ref.[16]. The lengths of upstream and downstream sections are 27.5L and 49L, 
respectively, and typical time-steps employed are of the order O(10-4), see ref.[6] for 
further detail.

With respect to problem specification and implementation of initial/boundary 
conditions, we discuss three different problem settings. Each appeals to quiescent 
initial states in all field variables, with distinction in the type and imposition of the 
driving boundary conditions. With respect to start-up, the first BC-protocol equates to 
sudden imposition of steady-state flow-rate control (ss-Q, fully-developed inlet 
velocity profile, Dirichlet conditions - fixed in time). This amounts to a spatially-
localised step-change for inlet conditions over the first time-step. The second BC-
protocol is that of transient flow-rate control (Qt), where the inlet transient build-up in 
velocity profile follows the Waters and King theoretic solution (Dirichlet on velocity 
- transient). This protocol provides a smooth transient development in flow-rate with 
gradual equilibration in pressure-gradient after heavy initial perturbation. The third
BC-protocol is that of force-controlled flow (F-Δp), where a fixed pressure-difference 
(Dirichlet on pressure – fixed in time) is impulsively imposed across the flow domain 
from inlet to outlet. This configuration results in rapid equilibration of pressure-
gradient and attendant smooth evolution in the driving velocity profile. With respect 
to BC-type, no-slip conditions are adopted along the stationary walls under all 
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protocols. Transient inlet stress representation can be extracted in weak-form§ by 
solving the equivalent ODE system in situ, based on inlet shear flow kinematics (may 
also be taken in pointwise strong form, or analytical form of Waters and King). At 
outlet and under all three BC-protocols, a vanishing reference pressure is set and 
stress remains a free variable in the system to be determined. Cross-stream exit 
velocity conditions reflect pure shear flow and are taken to vanish (Dirichlet-type). 
Streamwise exit velocity conditions may be incorporated in two forms: a) periodic, to 
reflect conditions set on inlet (Dirichlet) and b) to adopt natural BCs (Neumann). In a 
previous study [18], we have developed the application of a generalised technique for 
imposing natural streamwise BCs of Neumann type, based on a combination of 
localized force-boundary integral and interior extrapolation. This approach has 
proved effective for both compressible and incompressible flow, and is revisited here 
under the present setting of start-up pressure-driven viscoelastic flow. Under the third 
BC-protocol of force-control and to strive for compatibility, the level of pressure-drop 
applied across the domain is that equivalent to the established steady-state pressure-
drop of the flow-rate controlled options. By way of example, in current computations 
and non-dimensional setting,  this level of pressure-difference equates to 144 units for 
the Oldroyd-B model and reduces to 65 units for the shear-thinning SXPP model. 
Such a practice facilitates equitable comparison across both transient and steady-state 
solutions, with equivalent flow-rates established at steady state.

3. Solution algorithm

3.1 Numerical background

During recent years, significant progress has been made in both developing new 
constitutive equations for complex materials and the computation of complex 
viscoelastic flows. Reliable, accurate and consistent steady-state solutions through 
various formulations and numerical methods have been obtained for a number of 
benchmark problems. In this manner, highly-elastic solutions have been derived, 
where the achievable level of We has been elevated significantly. In spite of  the 
significance of transient phenomena in viscoelastic flows, less attention have been 
paid to the computation of transient flows. This may be due to the inherent difficulty 
of the problem, posed by the numerical discretisation and the application of 
appropriate boundary and initial conditions. The consequences of the choices made 
result in the ensuing consistency and accuracy properties inherited. Based on a 
primitive variable formulation, it is well known that the accurate determination of 
transient solutions for unsteady incompressible viscous flow is a challenging task. A 
principal difficulty encountered is due to the mixed-type of differential equations, 
arising through the coupling of the momentum equation with the incompressibility 
equation, and consequently the treatment of pressure terms. Moreover, in the 
viscoelastic context, introducing an additional hyperbolic extra-stress equation subset 
dramatically increases the numerical tractability of the problem.

Beyond the issue of boundary condition selection, the precise choice of numerical 
solver comes into play, which governs the particular form of spatial and temporal 
approximation applied to the problem. Here, both coupled system (matrix-bound) and 
decoupled system formulations arise. A popular choice has been to employ pressure-
correction (pc), or so-called projection schemes, see Chorin [19] and Temam [20], a 
derivation that has gained vast popularity in solving viscous incompressible flows. A 

                                                
§ Since this procedure is consistent with the internal flow equations for the problem, the resulting stress 
BC is also self-consistent, see work of Renardy [17] for comment on this point.
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key advantage to this approach lies in problem-size reduction (hence appropriate for 
three-dimensional and transient flows), based on the principal of decoupling the 
computation for velocity and pressure, via fractional-staging of the equation system 
per time-step. Thus, on each time-step cycle, first a set of convection-diffusion 
equations are solved for velocity, excluding (or estimating) the pressure in the
momentum equation. Secondly, the forward time-step pressure is updated by 
imposing the continuity constraint through a Poisson equation. At a third stage, the 
computed velocity from the first fractional-stage is projected onto a divergence-free 
subspace, incorporating the updated pressure field. This strategy is computationally 
highly effective when compared to that for handling coupled systems, as 
demonstrated through their space-time complexity measures** [21]. Hence, this is the 
scheme of present choice following the transient studies provided in Webster et al. 
[6].

It is now well understood that all such discrete formulations, coupled or decoupled, 
should be analysed most effectively from a fully-discrete point of view. This is due to 
the fact that fully-discrete systems (in both space and time) are not guaranteed to 
retain all the properties of their continuous semi-discrete counterparts (discretised in 
time only). In addition, differences must be recognised here between alternative 
spatial discretisations, with finite element schemes retaining differential operators 
(closer to continuous problem, an inherent advantage), whilst finite volume and finite 
difference (fd) schemes introduce approximate difference operators. Overall, some 
caution is advocated in expectation under practical implementation when following 
theoretical analysis applied solely to the semi-discrete formulation. By way of 
example, the linear analysis of Xue et al. [22], which was based on the system of 
linearized difference equations for the fully-discrete finite volume system, 
demonstrates that the overall accuracy of the SIMPLE-scheme (Semi-Implicit 

Method for Pressure-Linked Equations) is restricted to  2O t . In contrast, 

appealing to the constructs behind the PISO-scheme (Pressure-Implicit with Splitting 
of Operators scheme), the temporal accuracy of the amended SIMPLEST-scheme 
(Semi-Implicit Method for Pressure-Linked Equations with Splitting Technique) can 

reach orders,  3O t  and  4O t , for pressure and velocity equations, respectively. 

Nevertheless, common experience would indicate that such theoretical claims can 
hardly be attained in practice, and particulary when the viscoelastic (hyperbolic) 
component of the differential system is introduced. Further relevant discussion upon 
these detailed aspects lies in a series of works, summarized in Hawken et al. [23], 
Carew et al. [24,25]: yet, with particular reference to Issa [26] for fv-pc; van Kan [27] 
for fd-pc; Gong & Güçeri [28] for iterative versus time-stepping scheme analysis; and
Dupret and Marchal [29], Dupret et al. [30], for loss of continuous differential 
problem evolution versus loss of positive definiteness in the discretised problem.

Under the computation of viscoelastic flows, scheme stability is generally found to 
significantly deteriorate when increasing elasticity levels. To rectify this situation 
various stabilisation procedures have been introduced, such as stress-splitting for 
example, via the EVSS-scheme (Elastic Viscous Splitting Scheme) [31]. Some 
ellipticity is introduced into the system through such stress-splitting methodology, 
which permits a dramatic increase in achievable levels of We-solution. Yet, the 
question arises as to whether this adversely affects the transient flow development. 
Furthermore, Belblidia et al. [18], have demonstrated to advantage that the differed-

                                                
** Linearity in space and time per time-step, an optimal arrangement for transient solutions.



8

correction stabilisation term, appearing in DEVSS-formulations (Discrete Elastic 
Viscous Split Stress) [32], provides a localized signature for the stress corner-
singularity in a 4:1 abrupt contraction. Not unexpectedly, this contribution which is 
independent of time, can itself affect the local state of the sharp-corner solution, 
through such elusive flow features as the appearance and formation of lip-vortices.
Nevertheless, this procedure has not been found to deteriorate the solution state 
elsewhere, as through the salient-corner vortex. As we avoid the sharp-corner issue in 
the present study, this aspect does not present itself here. In addition, schemes such as 
DEVSS/Discrete Galerkin (DG) have been shown to demonstrate temporal 
instabilities in some smooth flows [33]. This may be attributed to the particular 
upwinding characteristics of the DG component of the scheme. Furthermore, 
improving the satisfaction of extended LBB (Ladysenskaja-Babuska-Brezzi) inf-sup 
conditions on stress/velocity gradient spaces has been found to have a significant 
impact on numerical stability, see Belblidia et al. [18]. In this regard, Matallah et al. 
[34] have introduced a local recovery technique for velocity-gradients, which 
compares favourably against the global weighted-residual counterpart used within 
DEVSS. These authors concluded that such localisation approaches are highly 
competitive to the widely used global DEVSS-variants, and become powerful tools to 
employ within complex and transient flow regimes.

3.2 Hybrid finite element/finite volume scheme

The general framework of the time-marching hybrid fe/fv scheme employed here 
involves two distinct aspects. First, velocity and pressure are computed via a semi-
implicit incremental pressure-correction (ipc) procedure with finite element spatial 
discretization. Secondly, a finite volume based fluctuation distribution scheme is 
adopted for the computation of the hyperbolic extra-stress equations. The algorithm 
consists of a two-step Lax-Wendroff time-stepping procedure, extracted via a semi-
implicit Taylor series expansion in time. The incremental pressure-correction 
signature is apparent through the three time-level pressure-reference. This ensures 
that temporal error bounds are uniformly met, to an order one higher than under direct 
pc-implementation, hence of O(t2) [35]. Here, first velocity and stress components 
are predicted to a half time-step (Stage 1a), and then, corrected over the full time-step 
(Stage 1b, Lax-Wendroff, split time-step, prediction-correction). To ensure the 
satisfaction of the incompressibility constraint, pressure at the forward time-step is 
derived from a Poisson equation for pressure-difference (Stage 2). The solenoidal 
end-of-time-step velocity field is constructed at a final stage (Stage 3). To attain 
second-order time accuracy, the free weighting parameter (), governing Stage 2 and 
3 across the time-step, is selected as the Crank-Nicolson option, (=0.5). The three-
stage algorithmic structure per time-step may be expressed in semi-discrete form with 
new boundary integral terms highlighted, as follows [9,10]:

     Stage1a:

(7)
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(8)

Stage1b:

(9)

(10)

Stage2:
(11)

Stage3:
(12)

Interpolation on the parent fe-triangular element for velocity-pressure is of 
piecewise continuous quadratic-linear (P2P1) form. The extra-stress equations have 
hyperbolic character, which demand accurate upwinding procedures for their 
effective spatial discretization. The resolution of stress boundary layers, which form 
on no-slip solid boundaries, has proved a major obstacle to successful viscoelastic 
computations at high We. The effect of numerical noise within and across such thin 
stress boundary layers often poses severe discretisation difficulties and consequent 
hurdles to convergence. We have observed that upwinding, in the form of Streamline 
Upwinding Petrov-Galerkin (SUPG), reduces otherwise false diffusion present in the 
system and consequently adjusts the evolutionary dynamics of the stress boundary 
layer. Xue et al. [22] have also observed that high-order upwinding in the form of a 
QUICK-scheme may degrade temporal stability. Improved performance 
characteristics have been realized in terms of accuracy and computational cost for 
hyperbolic equations through alternative upwinding procedures based on some finite 
volume discretisations. In the light of this, the current work adopts a cell-vertex finite 
volume approach based on fluctuation distribution constructs for the computation of 
extra-stress. This algorithm has been successfully applied elsewhere and is discussed 
extensively in the literature; we refer the reader to citation [7,9,10] for complete 
detail. Nevertheless, for completeness and self-contained reading, here we present a 
brief description below.

3.3. Finite volume fluctuation distribution scheme 

Cell-vertex fv-schemes applied to the extra-stress equation are based upon an 
upwinding technique (fluctuation distribution), that distributes control volume 
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residuals to provide nodal solution updates [9]. Concisely, by rewriting the extra-
stress equation in non-conservative form, with flux ( ,τu.R ) and absorbing 
remaining terms under the source (Q), one may obtain:

t


 




R Q . (13)

We consider each scalar stress component, , acting on an arbitrary 

volume l
l

   , whose variation is controlled through corresponding components 

of fluctuation of the flux (R) and the source term (Q),

l l l

d Rd Qd
t


  


   

    . (14)

The objective is to evaluate the flux and source variations over each finite volume 
triangle (Ωl), with their distribution to its three vertices according to the preferred 
strategy. The resulting nodal update for a particular node (l) is obtained by 
accumulating the contributions from its control volume Ωl, composed of all fv-
triangles surrounding node (l). The flux and source residuals may be evaluated over 
different control volumes associated with a given node (l) within the fv-cell T; 
namely, the contribution governed over the fv-triangle T, (RT, QT), and that subtended 
over the median-dual-cell zone, (Rmdc, Qmdc). This generates scheme variant CT3††

with mdc, as formulated in [6,7]. Fig. 2 provides detailed interconnectivity of the fv-
triangular cells ( iT ) surrounding the sample node (l), the blue-shaded zone of mdc, 

the parent triangular fe-cell, and the fluctuation distribution (fv-upwinding) 
parameters ( T

i ), for i = l, j, k on each fv-cell.

4. Numerical predictions 
We commence with an assessment of the all important variables of velocity and 

stress for the Oldroyd-B model (We=1)‡‡, and their various transient states for the 
three alternative BC-protocols. Velocity is analysed at the centerline-inlet (Fig. 3a) 
and around the contraction zone (Fig. 3b), whilst stress is sampled at the wall on inlet 
(Fig. 3c) and near the contraction (Fig. 3d). This information provides us with the 
knowledge of the actual form of imposed BCs and some insight as to their 
corresponding influence on field solutions. Hence, the rational behind the particular 
selection of sample point data. In Fig. 3a, we observe three distinct evolution patterns 
in centerline-velocity, one per BC-protocol, prior to establishment of equivalent 
limiting steady-state solutions. Transient flow-rate control (Qt), protocol (2) [8], 
shows pronounced overshoots/undershoots, see also [6,7] for further evidence and 
detail. Force-driven flow (F-Δp), protocol (3), displays a smoother flow evolution 
pattern with significantly diminished and delayed overshoot/undershoot 
characteristics. In this case, smaller magnitudes in peak-values are observed in 
comparison to the transient flow-rate controlled instance. We also report in Fig. 3b, 
on the transient velocity profile monitored at a sample point (x=28.43, y=3.05) 
located around the contraction. Similar trends in overshoot/undershoot patterns and 
relative peak-magnitudes are discerned as with those for inlet-velocity, under 
respective transient BC protocols (2) and (3), flow-rate and pressure-controlled. In 
contrast and under steady-state flow-rate control (ss-Q), BC protocol (1), although the 
inlet-velocity profile is impulsively set and generates a pseudo-transient flow, still 
                                                
†† Consistent Time treatment scheme (Version 3) – CT3.
‡‡ Further results at the larger We=3 (not shown), provide similar but more exaggerated trends.
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some sign of velocity undershoot/overshoot characteristics arise around the 
contraction. In this case, steady-state is approached rapidly, with only very mild 
undershoot/overshoot characteristics when compared to BC(2) or (3). 

In addition, we present correspondingly in Fig. 3c,d, the wall stress profiles for xx

at inlet and near the contraction, respectively. Here, amplified stress-peaks are now 
observed at the sample point around the contraction (O(25) units) in comparison to 
those at the inlet (O(0.15) units). Overshoot/undershoot patterns are evident with BC 
protocol (2) and (3), both at inlet and near the contraction. The slightly larger stress-
overshoot of (F-Δp) over that for (Qt) at We=1 level, belies the general position for 
larger We-level solutions. This leads to slightly lower critical We-level temporal 
solutions for (F-Δp) over (Qt) under present settings. Conspicuously under (F-Δp), we 
detect a phase lag in the stress profile about the contraction over its inlet form, and 
that experienced under (Qt)-protocol (see below). In contrast, for the steady-state (ss-
Q)-protocol and focusing on the solution state near the contraction, only monotonic 
rise in stress is apparent (no local extrema) before reaching its plateau. This exposes 
the loss of richness in temporal dynamics encountered under (ss-Q), largely 
unsuspected in many time-stepping solutions covered in the literature. See for 
example, temporal monotonicity trends reported in: Wapperom et al. [4], with a 
FENE-P model, a 4:1 contraction and N1(t)-data; Wapperom and Keunings [36], with 
pom-pom models, 4:1:4 contraction and backbone-stretch (t)-data. Nevertheless, 
suppression of temporal stress-peaks that occurs with this protocol, is often found to 
permit larger levels of steady-state We-solution to be extracted.

4.1 Evolution in vortex structure

Next, we turn to consider flow structure upon the field, particularly in vortices 
generated, through instantaneous streamlines patterns. Fig. 4 illustrates the transient 
evolution in Oldroyd-B streamlines from an early temporal phase (t=0.3 units) 
traveling towards steady-state conditions (t=10 units). Below, we segregate the 
temporal phases into three time periods to focus on the principle features of each: 
early-term t[0.3, 0.8), mid-term t[0.8, 3) and long-term t[3, 10]. In addition, we 
may categorize the various vortex properties of size-intensity measures from Fig. 5, to 
more precisely describe the trends associated with each of the three distinct BC-
protocols. We may summarise the overall position as follows. Vortex intensity (int) 
and size-measures together identify growth to extrema at different rates: most rapid 
early rate goes with steady-state Q-control (ss-Q); closely followed by transient (Qt)-
protocol; slowest with force (F-Δp)-protocol. Considering attached vortex structures
only, largest intensity is stimulated through the (F-Δp)-protocol. This applies also to
vortex size, through measures on the vertical-wall (L) and the horizontal-wall (X), 
arising in the mid-term development stage between times, t(2, 3). The (Qt)-version 
reveals rich structure, comprising of multiple sub-phases within the mid-term period 
displaying: reversed flow, followed by vortex detachment, prior to reattachment, see 
Fig.5a. 

In terms of vortex size measures, L-values are generally larger than those in X, see 
Fig.5b,c, which implies that vortex shape is more distorted towards the vertical wall. 
Nevertheless, considering each protocol separately, largely similar temporal 
development is gathered in L and X. Only the (Qt)-alternative displays a reverse 
flow/detachment zone for t(0.8, 2). This protocol reflects oscillatory evolutionary 
cell-size throughout both mid-term to long-term periods. The first temporal {peaks, 
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troughs} in L(t) beyond t=2 for (Qt) lie at 3 4t { , } , giving a half-period wavelength 
(from peak to trough) of 1 unit and an amplitude variation of about 0.05. The 
equivalent position for (F-Δp)-protocol commences only just beyond t=2, being 
undisturbed in the mid-term stage. Now, the first temporal {peaks, troughs} in L(t) for 
(F-Δp) occur at t≈{2,4.5}, giving a half-period wavelength of 2.5 unit and an 
amplitude variation of about 0.1. The phase lag (earlier), the period lengthening and
the amplitude magnification are all features of the (F-Δp)-protocol, above the (Qt)-
counterpart. Such oscillatory behaviour is also present under (ss-Q), but is strongly 
damped in comparison, so that similar measures are barely meaningful.

Early time development stage t[0.3, 0.8)
In the streamline patterns of Fig.4, the stronger, more rapid early development of 

the salient vortex under (ss-Q)-protocol is prominent (shown in the first column, 
Fig.4a); this vortex begins around t=0.1. Under alternative temporal settings and upon 
close inspection of Fig.5b,c, we can detect that flow-rate controlled protocols (so, Qt

also) generally stimulate more rapid initial vortex growth, taken comparatively to the 
position under force-control. The gradually diminishing vortex-size conveys this 
behaviour in columns left to right (Fig.4a-c) at t=0.3 and 0.6. Such vortices may be 
visually detected first around t=0.3 under both (Qt) and (F-Δp)-protocols. The reason 
for the rapid early (ss-Q) vortex build up may be found in the velocity profile 
development around the contraction zone, observed in Fig.3b. This is dramatically 
reduced, first under (Qt), and then subsequently, even more so under (F-Δp)-control. 

Mid-term development stage t[0.8, 3)
In this middle period, the most dramatic feature lies under the (Qt)-protocol, where 

we can observe the consequences in the onset of reverse flow, t[0.8, 1.0+); leading 
to vortex detachment around t=2.0, and reattachment, t[2, 3]. To supply more detail 
in the transition around time t=2.0 for (Qt), two further insert plots are provided at 
times t=1.5 and t=2.1. The reverse-flow may be attributed to the velocity 
development displayed in Fig.3b, corresponding to the position half-way between the 
first overshoot [p1] and undershoot [p2], see also Webster et al. [6,7]. The huge peak 
in vortex intensity of O(180*10-3) occurs during the period of reverse flow at t=1.5; 
the next largest peak of O(20*10-3) falls in the detached period at t=2. These are 
relatively massive vortex structures! The detachment manifests an eye-like secondary 
vortex, apparent and corresponding to half-way between the first undershoot [p2] and 
second overshoot [p3] in the inlet velocity field, see Fig. 3b. Reverse flow survives 
someway upstream, short of entry conditions. Hence, such strong undershoot and 
overshoot dynamical character in the solution fields is held responsible for these 
resultant complex flow features. In addition, this scenario is found to be reproducible 
when imposing identical pressure variations under the controlled-force protocol.

Long-term development stage t[3, 10].
Behaviour within this latter period has largely been described above under the

vortex characteristics of Fig.5. The important additional features apparent in the 
streamline patterns of Fig.4 are: the shape and oscillation in the evolving vortices, 
and the corresponding rates of vortex-size adjustment involved across settings. The 
separation streamline shape adjusts from: concave to linear to convex. This is more 
obvious in (F-Δp)-data, which substantiates the largest attached vortex development. 
The associated shape changes appear at time stations of t={1, 2, 3, 4}, which 
correlate to periods around peaks (convex) and troughs (concave) in L-X measures 
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(Fig.5b,c). This happens likewise under other settings, but is less prominent under 
(ss-Q), say around t=1; and for (Qt) around t=6, away from the influence of flow 
adjustment, post detachment-reattachment. Identical temporal limiting vortex 
structures are ultimately derived under all three settings (same steady-states), with 
little to split their description. Clearly, evolutionary intermediate states may however 
be markedly different, depending in particular upon the flow instigation mechanism. 
Vortex-size measures more precisely trace the approach towards steady-state, 
reached around t=7 units in X-data (Fig. 5c). Vortex intensity decays to its limiting 
plateau of 0.7*10-3 in all instances by around t=4 units (Fig.5a). The L-measure is the 
finest, which slowly rises to steady-state between t[7, 10+) as observed in Fig.5b.

Mesh refinement 
Consistency with mesh refinement has also been established by cross-checking 

solutions through a series of meshes {Rm1, Rm2, Rm3}. Evidence of this is provided 
through the corresponding streamline patterns of Fig. 6 over the set of meshes for the 
two transient protocols, (Qt) and (F-Δp). The comparison is taken at the sample time 
t=2 units, when largest detached vortex is captured under the (Qt)–protocol. Mesh 
independence is borne out through flow structures and quantitative measures 
recorded of vortex intensity (int), vortex-centre location (x, y), and vortex-size {L, 
X}. In each flow protocol considered separately, differences in vortex intensity 
reflect consistency to within 0.1%, whilst vortex location and size agree to within 
1%. 

Predictions with inertia (Re=1)
At this point, attention is briefly turned to the inertial configuration (Re=1), by 

way of direct contrast to the creeping flow data provided thus far. This recognizes the 
discrete time-scale assumptions made under creeping flow modeling, and is 
conducted as a test on the realistic nature of solutions generated thereby. Hence, the 
summarised plots of Fig. 5 for creeping flow are reproduced in Fig. 7 with inertia. 
The overriding observation is that all the salient features of the transient creeping 
flow predictions are captured once again. There is simply a scaling down in 
magnitude of all quantities recorded. From the point of view of the target steady-state 
solutions, this is entirely in keeping with the literature [11, 18, 37]. Maximum vortex 
intensity reduces by 25% under detached flow conditions (Qt), and otherwise by some 
60% under (F-Δp). Vortex-size measures {L, X} reduce at maximum by about 20%, 
but only by 10% at steady-state.

4.2 Trends in velocity, stress and pressure fields 

The transient development of the velocity field is illustrated in Fig. 8 through times 
t={0.3, 1, 10}. Under steady-state flow-rate protocol (ss-Q), an inconsistency from 
the interior flow field is revealed at the inlet station. This is apparent from the outset 
and over the early stage of evolution, as indicated by arrow. This irregularity 
continues up to a time of t=1, due to the independence of the fixed (known) inlet 
velocity boundary conditions from the interior core-field solution (computed as a 
consequence). Similar behaviour is also apparent under the transient Qt-protocol, 
between t=0.3 until t=1. Evolution of the flow field under the forced-driven protocol 
is observed to be much smoother than under the two flow-rate controlled alternatives. 
Ultimately, identical steady-state solutions are established with all three BC-protocols 
at the limiting time of t=10 (Fig. 8).
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In Fig. 9, the corresponding transient development of the stress field is displayed, 
to be interpreted alongside Fig.3. Here again, force-driven flow evolution is much 
smoother than under the two flow-rate controlled instances. There are three 
observations to make here. First, the stress develops in time subject to a time-lag, 
when compared to the evolving kinematic fields. Second, the strong kinematic 
undershoot/overshoot patterns present in the transient (Qt)-controlled instance, are 
reflected throughout the various states of stress shown. Third, the force-driven 
scenario reveals a time-lag within both velocity and stress solutions as they emerge, 
over their flow-rate controlled counterparts. Concerning less perturbed evolutionary 
states, there is ample evidence here of the smoother solution development under
force-driven flows, devoid of oscillatory patterns even around the complex corner 
flow region.

Fig. 10a illustrates the transient evolution of pressure fields during the early stages 
of the flow development (first ten time-steps). For direct-comparison purposes, 
various selected temporal fields are displayed, superimposed within a single plot. 
Notably, extremely large and rapid oscillations are observed between positive and 
negative values in pressure (swing of O(106)) under the (ss-Q)-protocol, sustained 
over a very short initial time period. This is also picked out in the temporal sampling 
plot on velocity about the contraction in Fig. 3b. The (Qt)-protocol demonstrates 
considerably reduced oscillations in developing pressure of O(103); whilst only 
relatively mild variation is detected under the force-driven protocol of O(102).

When approaching the limiting steady-state position, (ss-Q) and (F-Δp)-protocols 
provide the least variation in pressure field, in comparison to that under the transient 
(Qt)-protocol. This is displayed in Fig. 10b and attributed to the complex form of the 
inlet boundary condition imposed on velocity under the (Qt)-protocol, with its strong 
overshoots/undershoots during the first half-period of its transient development (t<5 
units). What is conspicuous in this data is the fact that, in pinning the pressure 
solution at both inlet and outlet ends of the domain through (F-Δp)-BC, the evolving 
internal pressure field solution is also strongly clamped. Hence, under this 
configuration, the evolving intermediate pressure fields are of comparable order to the 
final steady-state (perturbations thereof). This is a major benefit to the numerical 
procedures employed, rendering the discrete solution process considerably more 
tractable. The same cannot be said for either of the flow-rate controlled instances, the 
worst-case in this respect being under the (ss-Q)-BC.

The field data in Fig. 10a,b may be interpreted against the graph of Fig. 10c, which 
provides a quantitative comparison between the three BC-protocols on the temporal 
variation in pressure-drop (p(t)) across the geometry. The most striking feature in 
this data is the relatively large initial oscillation under (ss-Q) and the sustained 
oscillatory pattern in the (Qt)-instance. This displays undershoots-overshoots in 
pressure at marked troughs-peaks, corresponding to those in velocity around the 
contraction, as shown in Fig. 3b. (F-Δp)-BC option is devoid of such correlation 
features, which may be unambiguously associated with the reverse/detachment flow 
structures observed under (Qt). This has been cross-checked by incorporating the 
identical p(t) of (Qt) through the (F-Δp)–protocol, arriving at the same conclusions. 
Clearly, the intermediate ground of suitably chosen transients in p(t) under (F-Δp), 
offers a fertile ground for future investigation in probing alternative transient solution 
states.
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4.3 We incremental continuation

Under the present investigation, we have to hand both transient solutions and 
steady-state end-solutions. This permits the interrogation of the passage itself to 
steady-state under various alternative scenarios and the identification of the impact 
that such variation has. Hence, we can compare and contrast solution incrementation 
via We, as opposed to through the time-step. Incremental continuation in We-space is 
a common practice in the simulation of highly-elastic flows, in order to reach elevated 
levels of steady-state We-solutions. In this procedure, first a steady-state solution for 
the problem is extracted at a suitably low level of We, commonly as a perturbation 
from the Newtonian state. Subsequently, this solution is considered as the initial 
condition to advance to the next We-increment solution. This strategy is continued 
with selected increments in We until a maximum attainable We is reached for the 
problem in hand (Wecrit). Here, we discuss the rational behind the success of this 
procedure. To this end and for illustration purposes under (Qt)-controlled protocol, we 
pragmatically select the first step We=0.1, a second step to We=0.5, and a final step to 
We=1.0. Fig. 11 demonstrates the contrasting position between solutions extracted via 
this We incremental continuation approach (time-stepping but pseudo-transient) and 
that through the continual time-stepping route for the target We=1.0 fluid solution. 
Fig.11a provides the plot for the kinematics with the incremental procedure 
(centerline inlet velocity, solid line), which is considerably reduced in oscillatory 
pattern over that under the transient procedure (dashed line - continuation through the 
time-step). The comparable plot for wall-stress at inlet is provided in Fig.11b. The 
stress levels would be two orders larger about the contraction according to Fig.3c,d, 
and would increase considerably at still higher values of We. We note that increasing 
We through this incremental continuation strategy prevents large oscillations from 
appearing in the ensuing stress fields (decoupling of kinematics and stress). It is the 
generation of such large values in stress that is believed to be a major source of 
numerical failure in the computation of high We-solutions. In addition, under the We-
incremental strategy and after extracting the solution for the initial We-step, the 
velocity profile is noted to only marginally change upon further advance in We. As 
such, this distinguishes the various forms of kinematic/stress response in 
overshoot/undershoot phenomena at high We. For transient computations, overshoots 
in both velocity and stress of this form may stimulate highly-localised large We-
zones, and thus, disturb the stability of the scheme. Hence, this is the reason that 
continuation in We (a false-transient procedure) tends to be more successful at 
reaching higher We steady-states than does the transient Waters and King (Qt)-
protocol.

4.4 SXPP model solutions

We continue the above approach of force-driven BCs to illustrate application in the 
wider rheological context involving the single-equation version of the pom-pom 
model, SXPP. This is a non-linear model which generally lacks analytical boundary 
condition provision. This relatively recent constitutive model innovation has been 
derived to describe the rheological behaviour of polymer melts with long side-
branches, such as applicable for low density polyethylenes (LDPE). Unlike many 
other models, the pom-pom model well predicts the combination of both shear and 
extensional properties for such materials. For completeness, the viscometric functions 
for the SXPP-model are displayed in Fig. 12. Here, we are able to detect that the 
steady-state shear viscosity exhibits a plateau at both low and high shear-rates (Fig.
12a) and that a shear-thinning regime is established over the medium shear-rate 
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range, O(1-100 units). Considering extensional response and variation with the 
number of dangling side-branch arms (q) on the ends of the backbone chain, the peak-
value in extensional viscosity is observed to rise with increase in the number of arms. 
This causes significant elongation in the backbone stretch (λ), the parameter which 
controls the length of the molecular-chain. In contrast, shear viscosity does not 
display any such strong dependence on the arms (q). Hence, there is a splitting of 
material functional response in dependence upon the number of such side-arms. In 
[38], it was shown that the maximum backbone-stretch lay around the corner and also 
along the downstream wall, whilst unstretched regions arose at inflow (pure shear) 
and along the symmetry line of the flow. These unstretched zones provide 
Newtonian-like fluid response. In the stretched fluid sections, viscous extension 
dominates, reaching extensional viscosity levels some two orders larger than those in 
shear with q ≥ 10, as may be gathered through the Trouton ratio (Fig. 12b).

Following article [38], and as a typical test-case selected for illustration purposes, 
computations have been performed using a single set of parameters: q=10, ε=1/3, 
α=0.15 and β=1/9. Provocatively and due to the large number of dangling arms 
selected (q=10), this fluid is dominated by its extensional viscosity behaviour over 
moderate to medium strain-rates. Fig. 13 (right, c) displays the evolution of velocity 
(Ux), stress (xx), and backbone stretch (λ) for this SXPP-model at the sample point 
located around the contraction (as indicated). Direct comparison is facilitated at We=1 
through results for both BC-protocols of force-control (F-Δp) and transient (Qt)-
control. Encouragingly, as with Oldroyd solutions above, identical steady-state 
solutions are once again extracted independent of BC-protocol. Yet, the development 
of evolutionary states is quite different. For the forced-driven instance, we observe 
only monotonic increase in velocity (Ux), primary stress (xx), and backbone stretch 
(λ). On the contrary under transient flow-rate control, overshoot/undershoot features 
are manifest in all components of the solution before being gradually dampened out. 
By design, one recognises that under (Qt)-protocol and for the SXPP model, some 
inlet velocity conditions must be specified, and that Waters and King conditions are 
in fact strictly applicable for Oldroyd-Maxwell fluids. The position at t=0.5 across 
BC-protocol and variable is reflected upon the field in Fig. 13 (left, a) and Fig. 13
(centre, b) under Qt and F-Δp, respectively.

Solution with We-elevation
Further to the above and under force-driven BC (F-Δp) alone, it is informative to 

elevate the Weissenberg number for SXPP-solutions to detect the influence of greater 
memory upon flow response. To this end in Fig. 14, we plot the evolution of (xx) and 
(λ) at the sample point around the corner for We={1, 5, 10}. This data is further 
supplemented in Figs. 15-17 by corresponding fields for backbone stretch, N1, and 
stream function through characteristic sample times, t={1, 4, 5 and steady-state}.

In the stress development plots (Figs. 14a), we observe a rapid early development 
for We=1 (up to t=2 units) that maintains a monotonic rise to its steady-state plateau 
around t=10 units. As We rises to values of 5 and 10, a fresh feature of stress-
overshoot occurs, with slightly larger overshoot peak at We=5 than at We=10. 
Recovery to establish steady-state is somewhat more protracted though at W=10 (over 
We=5), being reached by t=33 units. The larger steady-state value of xx at We=1 
(2.51 units), over that at We=5 (1.39 units), and then We=10 (0.87 unit), may be 
attributed to the influence of shear-thinning. Within this regime of deformation rates 
the strain-softening has hardly taken effect, as confirmed through rising Trouton ratio, 
see Fig.12b.
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The corresponding position in λ(t) is conveyed in Fig. 14b, where once again 
overshoot is detected beyond We=1, in solutions at We=5 and 10. Relaxation from the 
peak-value to steady-state, {We=5; 1.93 to 1.78}, {We=10; 2.53 to 1.98}, becomes 
increasingly longer in time with rise in We. This is a clear indication of the influence 
of greater memory. Peak λ-values occur in tandem with peak xx-values. This trend 
informs us that aside from the relative increase in steady-state λ-values of {1.28, 1.78, 
1.98} at times t={22, 26, 33} units for We={1, 5, 10}, we also experience even 
greater changes in peak-values during the transient period (up to 25% larger from the 
steady-state value at We=10). These observations are borne out likewise in the stretch 
fields displayed in Fig. 15. Short and early time development with rise to peak λ-
values adjusts with We-level. From Fig. 14b, this is established by t=2 units for 
We=1, t=4 units for We=5, and t=5 units for We=10. The longer time development is 
more prominent in the We=10 instance, as apparent also in Fig. 15. One may note that 
larger stretch develops in zones ‘around the re-entrant corner’ and ‘along the 
downstream wall’ (region where the stress boundary layer emerges). Of these two 
zones, it is the former, about the re-entrant corner, which takes the longest time to 
establish itself. This is more apparent in the dynamics of the We=10 solution. 
Nevertheless, the downstream wall region would appear to attract the largest levels of 
backbone stretch ( 2  ), doubling that of equilibrium in shear. The large and local
shear-rate levels reached along the downstream wall are responsible for this rise in 
backbone stretch. Taking comparison across the We-solutions, between We=1, 5 and 
10, at comparable times but particularly at steady-state, we note the gradually 
expanding upstream fringes of larger backbone stretch. These fringes signify 
exaggerated memory effects with rise in We, as they begin to increasingly occupy the 
contraction-entry region (even by t=4), enveloping the salient-corner zone by We=10. 
Conspicuously, and best illustrated in the plot for We=10 at steady-state of Fig. 15, 
there is a contiguous conical-shaped stretching flow region established in the 
contraction-entry zone outside the salient corner vortex, where there is a spatially 
rising trend in backbone stretch, values of 1.21 1.91  .

The dynamic evolution and emerging stress field structure is reported in Fig. 16 for 
the first normal stress-difference (N1=xx–yy). It is apparent that the steady-state 
formation, around the contraction and after the re-entrant corner is established earlier,
at t 4  units for We=1, than for We=5 and We=10. Increasing elasticity has resulted 
in a general decline in N1 throughout the contraction zone and along the downstream 
wall, similar to the localised  sampling in xx–stress around the contraction of Fig.14a.
Once again this is attributed to the consequence of shear-thinning.

 Finally, the transient streamline growth patterns for We=1, 5, and 10 are
presented in Fig.17. Here, the most rapid early vortex growth is visible for We=1 at 
t=1.0, which retards with increasing We, so that slowest growth occurs with We=10. 
However, as we approach steady-state conditions and as elasticity increases, salient-
corner vortex enhancement is apparent, both in terms of size and intensity. In Fig. 17
and Fig.18 for (SXPP, We=1), we observe a non-monotonic increasing trend of rise in 
vortex intensity, to a maximum around t 2  units, followed by decline, and finally
recovery to steady-state after t 8  units. This stands in distinct contrast to transient 
observations for the Oldroyd model in Fig. 5. Principally, this lies in the considerable 
reduction of maximum intensity attained through the transient; {O(12)*10-3, 
Oldroyd}, {O(0.9)*10-3, SXPP}; also, sharpening of int duration under SXPP; and
long-time response of 0.68*10-3 for Oldroyd and 0.83*10-3 for SXPP, some 20%  rise. 
The position is similar for (SXPP, We=5 and 10). Here, maximum in intensities are 
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{1.8*10-3, We=5, t 4 } and {1.7*10-3, We=10, t 5 }; steady-state intensity are 
{0.90*10-3, We=5, t 19 } and {1.05*10-3, We=10, t 25 }. The significant early-
time reduction in int-level from the Oldroyd results is explained through the
dominant effect of shear-thinning at low deformation rates. These differences in the 
transient indicate the false position that would arise from SXPP solutions with 
Oldroyd transient driving boundary conditions. The steady-state findings are
consistent with trends observed in the literature for Phan-Thien/Tanner models 
[11,37] and for SXPP results [38], noting the increased strain-hardening that would 
ultimately apply with rise in We. Transient pom-pom results of Bishko et al. [39] for 
4:1 planar abrupt contraction flow, with arms q=5 and 3 8 We ,  agree well with 
current findings on salient-corner vortex trends reported under increasing We at 
intermediate times (t=5).

5. Conclusions

In this article we have developed a new and generalised approach for determining 
consistent transient BCs in viscoelastic flows. Importantly, this procedure is 
independent of frame of reference, dimension of the problem and complexity of the 
constitutive equation. The study has revealed some novel differences between 
resultant solutions throughout the transient, demonstrating strong dependence on the 
type and nature of BC imposed. We have focused on the benchmark-problem of a 4:1 
rounded-corner contraction flow, appealing initially to Oldroyd solutions, 
subsequently followed by pom-pom solutions. Commencing from identical initial 
conditions, three different versions of boundary condition protocols have been 
compared and contrasted: steady-state flow-rate control; transient flow-rate control; 
and force-driven control. The overshoot/undershoot kinematics observed under any 
particular flow setting are mutually linked to the boundary conditions considered.
Hence, dispelling the belief that long displacement of abrupt flow zones (contraction) 
from the inlet flow station, will dissolve dependence of the transient upon precise 
inlet flow specification. It is also shown that under flow-rate controlled alternatives, 
large oscillations are reflected in pressure fields, which subsequently may degrade the 
numerical accuracy of computed velocity and stress fields. The evolution of force-
driven flow fields provides considerably smoother patterns than for their counterpart 
flow-rate controlled equivalents. A fact that may prove of significant advantage in the 
pursuit and determination of accurate transient solutions.

Vortex intensity and size-measures together identify growth to extrema at different 
rates across the protocols. Concerning early growth rate, most rapid goes with (ss-Q), 
closely followed by (Qt)-protocol; slowest with (F-Δp)-protocol. In terms of vortex-
size measures, vertical wall values (L) are generally larger than those in the horizontal 
direction (X), leading to vortex shape distortion towards the vertical wall. Throughout 
the transient, largest attached vortices appear under the (F-Δp)-protocol. Strong 
oscillatory vortex structure features emerge through the size-measures. For the two 
transient-protocols, these are more prominent under (F-Δp) (larger in amplitude, 
longer in wavelength, earlier in phase) than with (Q)t (similar, but reduced by one half 
in amplitude and wavelength, occur later in phase). Such oscillatory behaviour is also 
present under (ss-Q) but significantly suppressed. Provocatively, some distinct 
complex flow features have emerged in structure under the alternative (Q)t-protocol. 
In particular, we note the appearance of a large secondary-flow structure at early 
evolution times, manifesting reversed flow, followed by vortex detachment and 
reattachment. These patterns correlate and synchronies with the peaks-and-troughs in 
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the evolving velocity and pressure profiles, and are also observed under inertial flow 
settings.

In addition, we have described some of the practical difficulties that may arise in 
the computation of transient viscoelastic flows. We have shown that the common 
practice of incremental continuation through We to steady-state, disconnects the 
dynamics between velocity and stress, which prevents highly-elastic localised regions 
from developing in the evolving transient. This has the benefit that elevated We-level 
steady-state solutions may be reached, yet destroys the time-accuracy of the evolving 
solution. In contrast, continuation through the time-step stimulates 
overshoot/undershoot dynamics in both velocity and stress that may provoke large 
and localized We-regions. With rise in We, this tends to disturb numerical stability 
earlier than would otherwise be the case under We-continuation.

Finally and for reasons of rheological generality, we have performed computations 
for the single-equation pom-pom model, which is devoid of transient analytical 
solution under pressure-driven, start-up shear flow. Nevertheless, the force-driven 
approach demonstrates that this situation may be tackled without compromise or 
further complication. The transient flow development of the SXPP-fluid under the 
force-driven protocol is observed to be smooth and non-oscillatory at We=1. In 
particular, there is no inconsistency detected with the BC imposed. In contrast, the 
position is quite different when flow-rate controlled BCs are adopted that generate 
oscillatory flow dynamics. We have been able to pinpoint the respective adjustment 
in the solution dynamics across such BC-protocols, considering characteristic 
variables of stress and molecular backbone-stretch. Additionally, we have been able 
to probe transients at increasing levels of We, with1 10We   for (F-Δp) protocol. 
Here, we observe that as We rises fringes of larger backbone stretch extend gradually 
further back, upstream of the contraction. These fringes begin to increasingly occupy 
the contraction entry zone, for t>4 and We 5 , completely engulfing the salient-
corner zone by We=10. Such an outcome may be unambiguously attributed to the 
consequence of increased memory effects. Furthermore, we have tracked the transient 
flow response in N1 and stream function with increasing We. Here, we observe wide 
differences from Oldroyd solutions through the transient, exemplified through stream 
function, displaying alternative growth patterns, peaks in int and steady-state levels. 
Increasing elasticity for SXPP delays early vortex growth, yet stimulates larger 
ultimate steady-state vortices.  These findings provide direction to and provoke the 
need for future in-depth transient studies of alternative flow problems and fluid 
representations.
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Captions

Table 1. Mesh characteristics, 4:1 rounded-corner geometry

Fig. 1. a) Rm1, b)Rm2, c)Rm3, Planar  4:1 rounded-corner domain: section of 
contraction-flow mesh

Fig. 2. Spatial discretisation: fe-cell with four fv-subcells and fv control volume for 
node l with median-dual-cell (shaded)

Fig. 3. Transient development of velocity and stress (xx), Oldroyd-B, We=1

Fig. 4. Fig. 4. Transient streamlines, 4:1 contraction, Oldroyd-B, We=1: a) ss-Q, b) 
Qt, c) F-Δp

Fig. 5. Transient development of salient-corner a) vortex intensity (*10-3); b) vertical 
(L) and, c) horizontal (X) cell-size , Oldroyd-B, Re=0,  We=1

Fig. 6. Transient development of salient-corner a) vortex intensity (*10-3); b) vertical 
(L) and, c) horizontal (X) cell-size , Oldroyd-B, Re=1, We=1

Fig. 7. Transient streamlines (vortex intensity, -*10-3) , 4:1 contraction, Oldroyd-B, 
We=1, mesh refinement, Rm1, Rm2, and Rm3 meshes, t=2.0 : a) Qt, b) F-Δp

Fig. 8. 3D profiles, U-fields transient development three BC-settings, 4:1 contraction, 
Oldroyd-B, We=1: a) SS-Q, b) Qt, c) F-Δp

Fig. 9. 3D profiles, xx-fields transient development three BC-settings, 4:1 
contraction, Oldroyd-B, We=1: a) SS-Q, b) Qt, c)F-Δp

Fig. 10. Transient development in pressure gradient solutions, 4:1 contraction, 
Oldroyd-B, We=1

Fig. 11. Transient development of velocity and stress (xx), Oldroyd-B, We-
incrementation

Fig. 12. Rheological properties of XPP model, variation in q: ε=1/3, β=1/9 and 
α=0.15

Fig. 13. Velocity and stress field at t = 0,  a) Qt, b) F-p,  and  c) transient 
development of velocity, stress (xx), and stretch (λ), SXPP, We=1

Fig. 14. transient development of a) of stress (xx), and b) stretch (λ), SXPP, (F-p), 
variation in We: q=10, ε=1/3, β=1/9 and α=0.15

Fig. 15. Backbone stretch, (λ) fields, SXPP, (F-p), variation in We: q=10, ε=1/3, 
β=1/9 and α=0.15
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Fig. 16. First normal stress, (N1) fields, SXPP, (F-p), variation in We: q=10, ε=1/3, 
β=1/9 and α=0.15

Fig. 17. Transient streamlines, 4:1 contraction, SXPP, (F-p), variation in We: q=10, 
ε=1/3, β=1/9 and α=0.15

Fig. 18. Transient development of salient-corner vortex intensity (*10-3); SXPP, (F-
p), variation in We: q=10, ε=1/3, β=1/9 and α=0.15
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Table 1. Mesh characteristics, 4:1 rounded-corner geometry

Mesh Elements Nodes Degrees of 
freedom
(u , p , τ )

Rmin

Rm1 1626 3433 18069 0.0170

Rm2 2693 5652 29740 0.0097

Rm3 4751 9790 51470 0.0060
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Fig. 1. a) Rm1, b)Rm2, c)Rm3, Planar  4:1 rounded-corner domain: section of 
contraction-flow mesh

Fig. 2. Spatial discretisation: fe-cell with four fv-subcells and fv control volume for 
node l  with median-dual-cell (shaded) 
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Steady-state Q-control
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(Qt) - (2)

Force Δp-control
(F-Δp) - (3)

Fig. 4. Transient streamlines, 4:1 contraction, Oldroyd-B, We=1: a) ss-Q, b) Qt, c) F-Δp

t=0.3

 t=4.0

 t=10.0

 t=1.0

  t=3.0

  t=2.0

 t=0.8

 t=0.6

(b)(a) (c)

 t=1.5

 t=2.1



29

X

Lint

Time

-
in

t*1
0-3

0 1 2 3 4 5 6 7 8 9 10 11 12
0

5

10

15

20

12

Time

-
in

t*1
0-3

0 1 2 3 4 5 6 7 8 9 10 11 12
0

50

100

150

200 Steady-state Q-control (ss-Q)

Transient Qt-control (reverse & detached phase)

Transient Qt-control

Force p-control (p)

185

Time

L

0 1 2 3 4 5 6 7 8 9 10 11 12
0

0.1

0.2

0.3

0.4

0.5

Steady-state Q-control (ss-Q)

Transient Qt-control (Qt)

Force p-control (p)

0.32

0.23

Time

X

0 1 2 3 4 5 6 7 8 9 10 11 12
0

0.1

0.2

0.3

0.4

0.5

Steady-state Q-control (ss-Q)

Transient Qt-control (Qt)

Force p-control (p)

0.17

0.33

(b)

reverse 

Fig. 5. Transient development of salient-corner a) vortex intensity (*10-3); b) vertical 
(L) and, c) horizontal (X) cell-size, Oldroyd-B, Re=0, We=1

(a)

(c)

detached



30

Transient Qt-control 
(Qt)

Force Δp-control
(F-Δp)

L = 0.311
X = 0.293

int = 10.4

L = 0.313
X = 0.298

int = 10.4
x = 25.88
y = 1.65

int = 19.7

x = 25.85
y = 1.68

int= 19.7

x = 25.86
y = 1.71

int= 19.6

X

L
L = 0.298
X = 0.287

int = 9.08

(b)

Rm1

Rm2

Rm3

Fig. 6. Transient streamlines (vortex intensity, -*10-3), 4:1 contraction, Oldroyd-B, 
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Steady-state Q-control
(ss-Q) – (1)

Transient Qt-control 
(Qt) – (2)

Force Δp-control
(F-Δp) – (3)

entry

exit

t=0.3

t=1.0

 t=10.0

(a) (b) (c)

Fig. 8. 3D profiles, U-fields transient development three BC-settings, 4:1 contraction, 
Oldroyd-B, We=1: a) ss-Q, b) Qt, c) F-Δp
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Fig. 9. 3D profiles, τxx-fields transient development three BC-settings, 4:1 contraction, 
Oldroyd-B, We=1: a) ss-Q, b) Qt, c)F-Δp
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