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1 Background and Context

This project has been concerned with the theory
and practice of SAT solving. Its scope has widened
considerably from the initial vision, due to new the-
oretical insights and the detailed practical experi-
ence gained by developing a generative library. In
this section I will outline the context of SAT re-
search and the reasons for the much broader view
of the landscape we are taking now.

Applied SAT solving has seen a strong devel-
opment in the last decade, typically in the area
of formal methods where a SAT solver is used as
an underlying “engine”; other applications, for ex-
ample in computational biology, are also becom-
ing more important recently. SAT solving has
changed the landscape of these application areas.
Now the momentum of the current phase is run-
ning out — there is still progress in implementa-
tion details and regarding the integration of SAT
solving into complex applications, but progress re-
garding the core algorithms is stalled. The work
discussed here is to prepare the next phase, de-
veloping new fundamental methods for SAT solv-
ing, based on theoretical advances integrating SAT
tightly with combinatorics and algebra, mathemat-
ical analysis and probability theory, and supported
by a general and generative (open source) research
and programming environment, strong enough to
integrate works of theoreticians and practitioners
over the next 10-20 years. The theory developed
aims at overcoming the following schisms:

1. Research on “intelligent”, complex algorithms
is nearly completely disjoint from practical solver
implementations.

2. SAT exploits “global structure” in the form of
logical and statistical patterns, using the concrete
representation of the problem, while CSP focuses
on the abstract problem formulation and the ex-
ploitation of “local structure”.

3. SAT algorithms are split into three areas with-
out much overlap:
(a) On satisfiable random instances, local search
algorithms dominate.
(b) On unsatisfiable random instances and many
combinatorial instances, look-ahead algorithms are
strongest.
(c) On large instances from applications like circuit
design, conflict-driven solver often have an over-
whelming advantage.

The unifying means we found are evolving around
the following new paradigms:

1. A basic new theory, combining combinatorics
and satisfiability, has been created through the the-
ory of autarky systems.

2. A generalised “topological” framework com-
bines SAT and CSP into a single framework of gen-
eralised satisfiability problems.

3. The three disjoint SAT-solver paradigms (3a,
3b, 3c above) are combined by a “primal-dual”
scheme, based on the duality between satisfying as-
signments and proofs of unsatisfiability.

SAT research is inseparable from its practical
side. Now, a single library can not serve as the basis
for the developments outlined above, but an inte-
grated research environment (IRE) is needed, where
abstract mathematical ideas can be combined with
heuristical ideas on implementations: Such an envi-
ronment must support diverse programming activ-
ities of many individuals over a substantial period
— and this has emerged as the OKlibrary, whose
foundations have been provided with this project.

2 Expansion of proposal
The original grant proposal focused solely on the
development of the OKlibrary as a library of com-
ponents for SAT solvers, complemented by the
OKdatabase as a basis for experimentation. These
plans had to be broadened by the emergence of the
horizon of a new mathematical theory of satisfiabil-
ity, which is (partially) sketched in Section 3. As
discussed earlier, to bring this theory to practice
asks for much stronger support by the OKlibrary
than just the delivery of software components for a
specific range of algorithms: Instead an open hori-
zon of mathematical concepts has to be envisaged,
which shall be brought together with the ocean
of practical/intuitive experimentations with solvers
and heuristics. So this project did not serve a final
product in the end, but established the foundation
of the much larger enterprise the OKlibrary has
become (see Section 4). Here now we add further
general motivations for the change of direction.

2.1 OKlibrary for large-scale experi-
mentation with novel algorithms

For the OKlibrary the focus has changed, from
providing a (generative) library for implementing
“efficient SAT solvers” (which can compete in a
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SAT competition) to an “integrated research en-
vironment” (IRE) for SAT. The direct motivations
for this shift are summarised as follows:

1. I believe the impact of complex and sophisti-
cated methods will become much stronger.

2. This new research orientation comes together
with a whole new “mindset”: The main “clients” of
the OKlibrary are now researchers (theoretical and
practical), and researchers have a much broader
mindset than “sheer programmers” wishing to as-
semble a new program out of given components.

3. Researchers are typically lacking the method-
ology to bring their research into “real existence”
due to an isolated development process, which is
expecting a quick success — alas, SAT solving ap-
parently does not support this point of view, and as
a consequence the development efforts, which have
not been integrated into a larger environment, get
lost. The IRE shall address these shortcomings.
This scope of the library implies that a novel in-
frastructure has to be build, which is given by
the OKlibrary as a “holistic” and “active” library,
where all elements of the development process are
fully integrated into the system itself — the user
gets the same power (by a fully functional “clone”)
as the library creators themselves:

1. Testing is not left to the back-office, but
“higher-level” test-functions are provided with the
library itself. Also performance measurement
comes with the platform.

2. Creating distributions and infrastructure (like
web pages and mailing-lists) is integrated into the
platform, so that users can create their own re-
search networks. Also full version control is built
into the library.
The traditional centralised (open source) software
development model is unrealistic for the develop-
ment of complex algorithmic methods, especially
in the context of research, where researchers first
need to develop and publish their new methods be-
fore they can be made generally available. So the
OKlibrary gives researchers a platform for organis-
ing their research first only within their group, but
with the same methods as the developers of the
OKlibrary have at hand, until their efforts might
be integrated into the main library. I believe that
this vision is new (at least in the field of algorithms
and their implementation) and that it is essential
for radical advances in SAT solving.

2.2 OKdatabase

An important part of the original grant pro-
posal was the design and implementation of the
OKdatabase as the basis for experimental explo-
rations, and the implementation of specific SAT
solving algorithms like the generalised unit clause
propagation as developed in [1, 6]. These develop-
ments had to be postponed until the foundations
of the larger OKlibrary have been laid. Investi-

gations and concrete planning activities into these
issues have been carried out during this founda-
tional development of the OKlibrary, and during
the next round, the installment of the OKlibrary,
also the OKdatabase and related tools will be ex-
tended to deliver a powerful experimentation en-
vironment, and, obviously, generalised unit clause
propagation as a central method will be a core is-
sue (but now it will be applicable to a much wider
range of applications than anticipated before).

3 Key Advances: Theory

The references use “P” for publications, “R” for
“reports”, and “M” for “manuscripts”.

3.1 The combinatorics of conflicts

One line of research are investigations into the com-
binatorics of conflicts of clause-sets, and the rela-
tion to the theory of graph partitioning and appli-
cations of linear algebra:

1. In [P1] the links to linear algebra and hy-
pergraph theory (the hypergraph transversal prob-
lem) are further strengthened, and non-trivial new
classes of problems with polynomial time SAT de-
cision are introduced. A PhD student started in
October 2006 working on the open problems.

2. The report [M2] (currently 88 pages; contin-
uing [4]) will be finished soon, and will furnish a
sound basis for further research in this area.

3. Whether the hypergraph transversal problem
can be solved in polynomial time is a long-standing
open question. The natural embedding of this
problem into the (boolean) satisfiability problem
opens the possibility of attacks at this problem by
looking at it from different angles (not apparent
in the original, narrower formulation); this possible
approach has been discussed in [P2].

4. Motivated by this line of thought, some basic
problems of conflict-combinatorics for non-boolean
clause-sets are solved in [M5], generalising some of
the results from [5] and using the framework estab-
lished in [R2].

3.2 Hypergraphs

Several links to hypergraph theory have been in-
vestigated:

1. In the well-known field of hypergraph decompo-
sitions, in [R1] first approaches are to be found for
making graph decompositions, which only consider
the variable interactions, sensitive to the boolean
structure of SAT problems. In [P5] this approach
has been taken further.

2. As discussed above, the hypergraph transver-
sal problem is considered in [P1].

3. Applications to hypergraph colouring are con-
sidered in [P7], especially regarding hypergraph in-
equalities like Fisher’s inequality or Seymour’s in-
equality (obtained as applications of autarky the-
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ory, similar to the treatment of deficiency for
boolean clause-sets).

4. In [P8] a new chapter on autarky theory has
been opened by incorporating the ground-breaking
results of Seymour et al on Polya’s permanent prob-
lem ([8, 7]). Again, autarky theory helps to gain a
better understand and to find new applications.

3.3 Theory of autarky systems

Basically all the above developments make use of
the theory of autarkies and autarky systems. The
general theory of autarkies (generalising also min-
imally unsatisfiability) has been further advanced
in the following works:

1. In [P6] we find applications of autarkies to the
practically relevant problem of finding cores, where
“reasons” for inconsistencies have to be located.

2. [R2] expands the framework to non-boolean
problems, while maintaining the strong combina-
torial properties of clause-sets; the journal version
will be foundational for the theory of autarky sys-
tems (and minimal unsatisfiability) for clause-sets
with non-boolean variables.

3. Resulting from the visit in Kentucky, a
joint article with Victor W. Marek and Miros law
Truszczyński is in preparation, which especially ex-
plores the (new) interactions with logic program-
ming on the application side and with the repre-
sentation of semigroups on the theoretical side.

4. The study of balanced autarkies and of gener-
alised notions of minimal unsatisfiability has been
advanced dramatically in [P8], as mentioned above.

5. The report [M3] (currently 50 pages) will be
finished by the end of 2007, establishing the general
algebraic theory of autarky systems (in the “alge-
braic” or “axiomatic” sense of [6]).

3.4 Random problems

The main bulk of work on random structures, as
outlined in the original proposal, was postponed
until the (new) OKlibrary has been set up prop-
erly, but the following results have been obtained:

1. The SAT 2005 solver competition on random
formulas was supervised by myself and is surveyed
in [P4], while also presenting the up-to-date exper-
imental results.

2. The completely updated report [M1] (cur-
rently 127 pages) shall also be made available close
to the end of this year.

3. A publication on the threshold for random 3-
SAT is planned.

3.5 Generalised satisfiability

The theory of generalised satisfiability problems
has been initiated:

1. A very general topological theory of satisfia-
bility (which is also the conceptual basis for the
OKlibrary) has been outlined in [P3].

2. [R2] presents the first stage of the investiga-
tions into generalised SAT problems (generalised
clause-sets as “no-goods”).
One goal of these investigations is the exploration
of “SAT as an abstract data type”, the extraction of
what exactly are the essential ingredience of “SAT
solvers” and “SAT problems”. Yet there is no pub-
lication on “generalised satisfiability problems” in
this sense, however its influence can be seen in the
underlying concepts of the OKlibrary.

3.6 SAT algorithms and heuristics

1. In the invited paper [P9] for the Dagstuhl 2006
workshop on “Complexity of Constraints” the three
main paradigms for SAT algorithms are discussed.

2. Based on my theory of heuristics as started
in [2] (see [M4], to be made available in October
2007), the chapter [P10] “Fundaments of Branch-
ing Heuristics” in the upcoming Handbook of Sat-
isfiability initiated a general theory of branching
heuristics.

3. Another chapter on autarkies and minimal un-
satisfiability in the Handbook will summarise the
general theory of autarkies.

4 Key Advances: OKlibrary

A first prototype of the OKlibrary has been
made available the beginning of September 2007
(http://www.ok-sat-library.org). A first talk on the
OKlibrary was given at the main C++ conference,
the ACCU conference 2006 in Oxford (April), an
invited 1 1/2 hour talk “Developing a generative
library for hard problems” on the generic “higher-
order unit test system” developed as part of the
“holistic” framework.

On the abstract side, the concept of a holistic
library is the central innovation (within this con-
text): The OKlibrary is a “world in itself” where
all activities concerning the library happen inside
the library, it can be reproduced and varied indefi-
nitely, and every “clone” can show, localised and on
its own, the full spectrum of possible behaviours.
Especially all aspects of documentation, planning
and discussion are integrated.

Besides these abstract features, there are many
innovations found in the OKlibrary related to var-
ious aspects of programming (from creating mes-
sages to writing generic tests); more on these tools
in the extended report. Other related areas to be
found there concern the system to support exper-
imentation, links to graph and hypergraph algo-
rithms, and the various connections to computer
algebra systems and systems for statistical analy-
sis. Related to the core concepts of satisfiability
itself, one finds many case studies and prototypes.
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4.1 The design of the build system

Essential part of modern programming practice is
continuous testing; to be effective, a system is
needed which automatically detects all aspects of
necessary re-compilations and re-running of tests
(from the level of unit tests to the level of applica-
tion tests). There exist several “unit testing frame-
works”, but they all are too weak for the needs
of a truly holistic library, where the tests are part
of the services delivered by the library, and can
be applied to newly developed components as well
(which makes them “generic”; once the test sys-
tems becomes more complex we need also the abil-
ity to test the tests, and we arrive at the notion
of a “higher order unit test” system, another inno-
vation introduced by the OKlibrary). The man-
agement of compiling and running tests is one of
the many responsibilities of the build system de-
veloped for the OKlibrary, which comprises the
management of configuration and of dependencies,
building and management of various forms of docu-
mentation, building and accessing external sources,
planning activities, package building and external
services like mailing lists. A central design goal
of the OKlibrary, which is characteristic for “gen-
erative” or “active” libraries in the strong sense,
is that configuration knowledge is (as complete as
possible) expressed within the library; most of the
time this means a high degree of automatisation
(available within the library), and the build system
is the backbone for these efforts.

4.2 Higher order unit test system

A central novelty of the OKlibrary, faithful to its
holistic approach, is that not (as usual) testing is
external to the library, but is part of the services
delivered by the library:
• A basic service of the library is the develop-

ment and definition of generic “concepts” for gener-
alised satisfiability, with associated syntax, seman-
tics and complexity. Such concepts are first only
loosely specified, in natural language.
• Essential now, that tests are delivered which

check whether components, provided by the library
itself or by the users, fulfil the syntactical, seman-
tical and complexity specifications!
• For a complete library, besides concepts and

tests many various implementations (“models”) for
the concepts are provided.
The requirement that tests are actually “higher or-
der functions”, which take some software compo-
nent as input, requires a more powerful system than
any existing unit test system (which all assume
hard-coded tests for hard-coded classes) can deliver,
and thus has been developed by the OKlibrary.
The development of design patterns and best prac-
tices is highly challenging here, since the input
consists not of strings or numbers, but of “code”

in some sense (which again is depending on other
code), and the output must consist in a sensible
failure analysis in case of an error found, which can
be rather complicated because of complex instanti-
ations and calls of other test functions.

4.3 Generalised satisfiability

The key ideas for the notion(s) of generalised sat-
isfiability problems can be summarised as follows:

1. “Generalised satisfiability problems” refine
and rework the notions of “constraint” and “con-
straint satisfaction problem” through the lens of
satisfiability algorithms. Of fundamental impor-
tance is the use of partial assignments.

2. A key effort is to differentiate between run-
time and compile-time polymorphism, to enable
strong optimisations for the C++ compiler.

3. Resolution and the related conflict-learning
process is obtained by the operation of partial as-
signments on the abstract domain of problem in-
stances (in the sense of [6]).

4. A concept hierarchy of generalised satisfiabil-
ity problems is build around the notion of “basic
functionality” of a “constraint” in “answer” to a
partial assignment:
(a) An “active literal” is a satisfaction problem
with “very fast” solution for basic functionalities.
(b) “CNF-clauses” and “DNF-clauses” are sets of
active literals.
(c) Conflict-learning is embodied by CNF-clauses,
being the negation of DNF-clauses, considered as
partial assignments.
(d) “Active clauses” are satisfaction problems with
poly-time solution for most basic functionalities.
(e) An “active clause-set” is a general satisfaction
problem, with no guarantees on the basic function-
alities, but only using one type of literal (the ba-
sic token for communication). For heuristical pur-
poses, it offers an interface like an ordinary clause-
set. The slogan here is “It looks like SAT, it be-
haves like SAT, but there might be no SAT in it”.
(f) Finally “alliances of active clause-sets” offer the
possibility to employ different types of literals.

5. The library offers a complete duality between
CNF and DNF (important for example for QBF).

6. Resolution and autarkies are considered as
dual notions. Both resolution and autarkies are
about the geometry of partial assignments in rela-
tion to the problem instance.
The library aims at offering as much as possible
support for compile-time polymorphism(s). The vi-
sion is, that algorithms are formulated for very gen-
eral satisfiability problems, with non-boolean vari-
ables and very general forms of constraints, while
the generative mechanism, when informed at com-
pile time for example that the problem at hand
just uses boolean variables and the input is an or-
dinary CNF, instantiates and simplifies all general
constructions such that we obtain a program com-
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parable in efficiency to one hand-written just for
this special case.

4.4 The new “OKsolver 2.0”

The “dual” algorithm for the new OKsolver (ver-
sion 2.0), integrating the three main SAT-solving
paradigms (local search, look-ahead and conflict-
learning), exists yet only in plans, but these are de-
tailed so that the implementation of OKsolver 2.0
can start soon. The old OKsolver (from SAT 2002)
is being refurbished as a “model study”, which is
sensible here because the first OKsolver was truly
an abstract algorithm with a well-defined semantics
and clear underlying ideas (and this will also be the
case for all future versions), without purely heuris-
tical parts and magic numbers; also for many years
now we are collecting data on the behaviour of the
old OKsolver on random formulas, which will be
exploited in the future.

5 Project Plan Review
As explained before, a whole new field of SAT re-
search, integrating combinatorics, constraint satis-
faction and SAT in novel ways, has emerged as part
of this project. The general strategic discussion of
this shift is in Section 2. Due to our development
efforts a solid foundation for the library is now laid,
but quite a few challenges were met. Many chal-
lenges are connected to the programming side:
• The (well-known) methodology from the field

of domain engineering, described in the original
grant proposal, turned out to be too focused on
the needs of a static industrial environment with
its strict hierarchy between the “stakeholders” and
the “programmers”.
• Generic C++ moved a lot in the period of the

project, resulting in permanent upgrading, with the
stabilisation point in sight only in the near future.
• Also the tools needed for distributed source

control have been developed only recently.
• Build systems are still too poorly understood,

so that we had to roll our own.
On the conceptual side of the library, it seems
to me that in a sense the whole CSP community
is wrestling with the problem of formulating the
“right” abstract concepts of “constraints” already
for many years, with no solution yet in sight. The
OKlibrary embodies such a solution (from the spe-
cial point of view of “SAT”), and the development
of this set of solutions, together with its actual im-
plementation in a form which will also yield efficient
implementation is not a trivial undertaking. With
this project, we have mapped the territory, while
the realisation is the main task for the next phase.

6 Research Impact
The first new project is with Xishun Zhao (Guang-
zhou), funded by the Chinese research council;

April next year I will visit him for a month, and we
will work on conflict combinatorics, autarky the-
ory and their applications to QBF, with students
of him implementing related algorithms within the
OKlibrary. Somewhat related to this are the con-
tacts with Hans Kleine Büning (Paderborn), where
also future collaboration is planned.

A joint publication came out of the collaboration
with the Portuguese/UK group around Inês Lynce
(Lisbon) and João Marques-Silva (now Southamp-
ton); the collaboration with these two groups will
intensify with the final release of the OKlibrary.

With another Portuguese group around Fer-
nando Ferreira, Isabel Oitavem and Reinhard
Kahle also the arrival of the OKlibrary is necessary
to enable student works (here the joint interests are
also mostly theoretical right now, considering the
foundations of complexity theory).

Another future “client” is Stefan Szeider
(Durham), who invited me this September to dis-
cuss collaborations.

In the collaboration with Victor W. Marek and
Miros law Truszczyński new directions of autarky
research are explored, and the connections will be
further strengthened by my (invited) visit to a
workshop in Baltimore next year on the future of
satisfiability. There the planned collaboration with
the group around John Franco and Sean Weaver
will also become manifest (Sean is also the first test
user of the OKlibrary).

Finally, the proto-release in September, followed
by the public release beginning of next year, should
have a strong impact on the SAT community as well
as related communities.

7 Explanation of Expenditure

Two research assistants, Tony Han Bao and
Matthew Henderson, have been employed, each for
one year. A server and a work station have been
purchased, which are vital for present and future
development (and the server will become also vital
for the Internet platform to be established). The
ideas of the OKlibrary has been spread on confer-
ences and workshops, where also the contacts espe-
cially to the constraint satisfaction community have
been strengthened. Invited visitors where Mar-
ijn Heule, Stefan Szeider and Joao Marques-Silva,
while Toby Walsh, Alan Frisch and Lyndon Drake
made short visits in preparation of the project.

Regarding cost effectiveness several conferences
in Swansea and in the UK can be mentioned. A
fellowship for PhD student Matthew Lewsey was
obtained. One full invitation (covering all expendi-
tures), and several partial coverages of costs for col-
loquium talks have been received. Finally Matthew
Henderson got a postdoctoral fellowship for sixth
months in Paderborn, extending the time available
to work on the OKlibrary.
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8 Further Research and Dis-
semination Activities

There have been 18 talks in conferences and work-
shops related to the project until now and 8 collo-
quium talks (besides further invited workshop vis-
its). Contacts have been established and deepened
within the SAT community, to the CSP community,
and with communities in logic, formal methods and
combinatorics. For the second assistant a 6 month
fellowship was obtained, which deepened the con-
tact to the group of Prof. Dr. Hans Kleine Büning,
working on knowledge representation and applica-
tions of artificial intelligence (besides the SAT ac-
tivities).

September 2007 the OKlibrary has been made
available at www.ok-sat-library.org to a selected
circle of around 50 researchers in SAT and neigh-
bour areas. The aim of this “proto-release” is to
get major forces engaged with the OKlibrary, and
to gather the needs of the different communities in-
volved (besides asking the test users for technical
feedback). After this preparation, the (full) public
release is planned around beginning of 2008.

Two grant proposals are in preparation: a pro-
posal regarding the mathematical foundations of
the links found between SAT and combinatorics,
and a proposal regarding the continuation and ex-
pansion of the OKlibrary (taking into account the
input of the first test users of the OKlibrary).
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