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Abstract— Design and control of vector �elds is critical for
many visualization and graphics taskssuchasvector �eld visual-
ization, �uid simulation, and texture synthesis.The fundamental
qualitati ve structur es associated with vector �elds are �xed
points, periodic orbits, and separatrices.In this paper we provide
a new technique that allows for the systematic creation and
cancellation of �xed points and periodic orbits. This technique
enablesvector �eld designand editing on the plane and surfaces
with desired qualitati ve properties.

The technique is based on Conley theory which provides a
uni�ed framework that supports the cancellation of �xed points
and periodic orbits. We also intr oduce a novel periodic orbit
extraction and visualization algorithm that detects,for the �rst
time, periodic orbits on surfaces. Furthermor e, we describe
the application of our periodic orbit detection and vector �eld
simpli�cation algorithm to enginesimulation data demonstrating
the utility of the approach.

We apply our design system to vector �eld visualization
by creating datasets containing periodic orbits. This helps us
understand the effectivenessof existing visualization techniques.
Finally, we proposea new streamline-basedtechniquethat allows
vector �eld topology to be easily identi�ed.

Index Terms— Vector �eld design, vector �eld visualization,
vector �eld topology, vector �eld simpli�cation, Morse decompo-
sition, Conley index, periodic orbit detection,connectiongraphs.

I . INTRODUCTION

V ECTOR �elds arise as models in almost all scienti�c
and engineeringendeavors which involve systemsthat

changecontinuously. In the caseof two-dimensionalsystems
that can be modelled by vector �elds de�ned on surfaces,
visualizationcan play an importantrole in understandingthe
essentialfeaturesin the system.This is also true for two-
dimensionalvector �elds that are linked to potentially noisy
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data,such as a velocity �eld extractedfrom experimentsor
numericalsimulationsof �uids. In both cases,thereareocca-
sionsin which one wishesto simplify the dynamicstructure
in a coherentadmissiblemanner[1]. This latter steprequires
the ability to edit the underlying vector �eld. Furthermore,
there are problemswhere the constructionand modi�cation
of a vector�eld representsa preliminarysteptowardsa larger
goalsuchastexturesynthesis[2], [3], [4] and�uid simulation
for specialeffects [5].

Thereis substantialliteratureon the subjectof vector �eld
topologyextractionandsimpli�cation, with considerablefocus
on the identi�cation andmanipulationof �xed points(see[6]
andreferencestherein).On theotherhand,periodicorbits are
essentialstructuresof non-gradientvector�elds, suchasthose
in electromagnetism,chemicalreactions,�uid dynamics,loco-
motion control, populationmodelling, and economics.There
is a fundamentalneedto be ableto incorporatetheminto the
subjectof vector �eld visualizationanddesign.For example,
Figure 1 shows the swirl motion of �uid in a combustion
chamberusingsimulation[7]. Periodicorbits appearin some
planar slices along the main axis of the chamber(middle)
as well as the boundarygeometry(Figure 2). The existence
and locationsof the periodicorbits provide cluesto the swirl
motion inside the chamber. Ef�cient periodic orbit detection
andvector�eld visualizationcanhelp designengineersbetter
understandhow theshapeof thechamberandthe initial speed
of the �uid throughthe intake ports impactengineef�ciency.

Many of the aforementionedapplicationsinvolve systems
of nonlinearordinarydifferentialequations,for which explicit
analyticsolutionsdonotexist. Thelackof analyticexpressions
led to the developmentof the subjectof dynamicalsystems
where the focus is on the qualitative structureof solutions.
In the case of two-dimensionalvector �elds, the classical
theoreticaldescriptionof thedynamicsis basedon identifying
fundamentaltopologicalandgeometricstructuressuchas�x ed
points,periodicorbits,separatrices,andtheir relationships[8],
[9]. However, in practicethereare at least two essentialdif-
�culties with this approach.First, unambiguouslyidentifying
all the topologicalstructuresfor a vector �eld is impossible.
Second,the existence of noise reducesthe importanceof
objectssuchas �x ed pointsandperiodicorbits.

In this paper, we develop a vector �eld visualizationand
designsystemthatextractsandvisualizesboundary�o w topol-
ogy. This includesanalyzingand modifying the vector �eld.
The systembuilds on the ideaspresentedby Zhanget al. [6],
and it provides the userwith a variety of capabilitiesin that
�x edpoints,periodicorbits,andseparatricescanbeidenti�ed.
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Fig. 1. Visualizing the simulation of �o w in a diesel engine:the combustion chamber(leftmost) and four planar slices of the �o w inside the chamber
for which the planenormalsare along the main axis of the chamber. From left to right are slicescut at 10%, 25%, 50%, and 75% of the length of the
cylinder from the top wherethe intake ports meetthe chamber. The vector �elds are de�ned as zeroson the boundaryof the geometry(no-slip condition).
The automaticextractionandvisualizationof �o w topologyallows the engineerto gain insight into wherethe ideal patternof swirl motion is realizedinside
the combustion chamber. In fact, the behavior of the �o w and its associatedtopology, including periodic orbits, is much more complicatedthan the ideal.
Figure2 providescomplementaryvisualizationof the �o w on the boundaryof the dieselengine.

Furthermore,�x ed points and periodic orbits can be created
and removed subject to inherent topological constraints.To
addresstheadditionalcomplexity dealingwith periodicorbits,
we make thefollowing contributionsin thepresentedresearch:

1) Weprovideageneralframework andef�cient algorithms
that allow topologicalsimpli�cation on arbitraryvector
�elds de�ned on surfaces(SectionVI). Our framework
is basedon Conley theory, which is a well-known theory
in non-lineardynamicsdating back the early 1970's (a
brief introduction is available in Section III). To our
knowledge, previous work including Zhang et al. [6]
does not addresssimpli�cation that involve periodic
orbits. In addition, most of the existing simpli�cation
algorithmsrequireplanarvector �elds.

2) We describea novel graph-basedrepresentationof a
vector �eld basedon Morse decomposition,which we
referto asMorseConnectionGraphs(MCG). Thisgraph
containssupplementaryinformation with respectto the
well-known vector �eld skeleton in that it addresses
periodic orbits. We also provide an algorithm to ef�-
ciently computeMCG aswell astheir re�nement(Entity
ConnectionGraphics, or ECG) (SectionV-B).

3) Our systemallows a user to createperiodic orbits on
surfaces(SectionIV). To do so, we combinethe ideas
of basisvector�elds andconstraintoptimization.To our
knowledge,this is the �rst time a periodicorbit creation
algorithmis proposedand implemented.

4) As part of MCG and ECG construction,we present
a novel and practical algorithm for periodic orbit ex-
traction without �rst having to compute separatrices
(SectionV-A). Our methodis basedon the topological
and geometricanalysisof a vector �eld, and it enables
extraction of periodic orbits–even those that are not
accessiblevia �x ed points.

5) Theutility of our topologicalanalysis,includingperiodic
orbit detectionandvector�eld simpli�cation, is demon-
stratedin thecontext of a novel application,namely, the
visualizationof in-cylinder �o w from automotive engine
simulationdata(SectionsV andVI). Our algorithmfor
periodicorbit detectionandECGconstructiononly takes
less than a minute on one such datasetwith nearly
900;000 triangles.

6) We proposean enhancedstreamline-basedmethod in

Fig. 2. The visualizationof CFD datasimulatingin-cylinder �o w through
a diesel enginefrom two viewpoints. Comparethem to the idealized�o w
shown in Figure13 (left). Figure1 providescomplementaryvisualizationof
the �o w inside the diesel engine.Both the texture and the topology-based
visualizationsindicatea nice patternof swirl motion at the boundaryof the
combustionchamberwhile the regionsnearthe intake ports reveal deviation
from the ideal.

which periodic orbits and separatricesare highlighted
(SectionVII). This is particularly desirablefor vector
�elds on surfacessinceonly portionsof a periodicorbit
may be visible for any given viewpoint (Figure7).

Becauseof theessentialmathematicaldif�culties mentioned
earlier, our numericalmethodsdo not focusdirectly on �x ed
points, periodic orbits, and separatrices.Rather, we employ
techniquesbasedon Conley's purely topologicalapproachto
dynamicalsystems[10]. Broadly speaking,our approachis
basedon threesteps.The �rst is to identify regionson which
the dynamicsexhibits recurrentbehavior, i.e. �x ed pointsand
periodicorbits,and/orgradient-like behavior, i.e. separatrices.
This involves the constructionof Morse decompositions. A
theoreticalcomputationalfoundation for the types of algo-
rithms we employ can be found in [11], [12]. The secondis
to identify the typeof dynamicsoccuringin theseregions,i.e.
the existenceof �x ed points,periodicorbits,andseparatrices.
This is doneusingnumericalmethodsandtheConley index. It
shouldbenotedthat theConley index not only generalizesthe
Poincaŕe index asit appliesto �x edpoints,but it alsoprovides
informationabouttheexistenceof periodicorbits.Finally, the
vector�eld is modi�ed in theidenti�ed regionsto producethe
desireddynamics.
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The rest of the paper is organizedas follows: Section II
provides a brief review of related work on topology-based
vector �eld visualization. Section III reviews related work
and introduces Conley theory. Section IV introduces our
methodfor creatingperiodicorbits on the planeandsurfaces.
Section V describesour periodic orbit detection technique
and provides an algorithm for the constructionof the MCG
and ECG of a vector �eld. A generalframework for various
cancellingoperationsis presentedin SectionVI. SectionVII
providesdetailson our enhancedstreamlinebased�o w visu-
alizationtechniquefollowedby a discussionof possiblefuture
work in SectionVIII.

I I . RELATED WORK

Vector �eld visualization,analysis,simpli�cation, and de-
sign have received much attention from the Visualization
communityover the pasttwenty years.Much excellent work
exists, and to review it all is beyond the scopeof this paper.
Here, we only refer to the most relevant work. Interested
readerscan �nd a completesurvey in [13], [14], [15].

A. Vector Field Design

There has been some work in creating vector �elds on
the plane and surfaces,most of which is for graphicsap-
plications such as texture synthesis[2], [3], [4] and �uid
simulation [5]. Thesemethodsdo not addressvector �eld
topology, such as �x ed points. There are a few vector �eld
designsystemsthat make useof topologicalinformation.For
instance,Rockwood and Bunderwala [16] use ideas from
geometricalgebrato createvector �elds with desired�x ed
points. Van Wijk [17] developsa vector �eld designsystem
to demonstratehis image-based�o w visualizationtechnique
(IBFV). Thebasicideaof this systemis theuseof basisvector
�elds that correspondto various types of �x ed points. This
systemis later extendedto surfaces[18], [19]. Noneof these
methodsprovide explicit controlover thenumberandlocation
of �x ed points since unspeci�ed �x ed points may appear.
Theisel [20] proposesa planarvector �eld designsystemin
which the user has completecontrol over �x ed points and
separatrices.However, this requiresthe user to provide the
completetopological skeletonof the vector �eld, which can
be labor-intensive. Recently, Zhanget al. [6] developa design
systemfor both planar domainsand surfaces.This system
providesexplicit controlover thenumberandlocationof �x ed
points through �xed point pair cancellation and movement
operations.Our work is inspired by their system.However,
we enableautomaticextraction and visualizationof periodic
orbits on surfaces.We also introducetopology simpli�cation
operationsfor periodicorbits.Therehasalsobeenrecentwork
by Weinkaufet al. [21] on the designof 3D vector �elds.

B. Vector Field Topology and Analysis

HelmanandHesselink[22] introducevector �eld topology
for the visualizationof vector �elds. They also proposeef-
�cient algorithmsto extract vector �eld topology. Following
their footsteps,much researchhas beenconductedin topo-
logical analysisof vector �elds. For example,Scheuermann
et al. [23] use clif ford algebrato study the non-linear�x ed

points of a vector �eld and proposean ef�cient algorithm
to merge nearby �rst-order �x ed points. Tricoche et al. [1]
and Polthier and Preub [24] give ef�cient methodsto locate
�x edpointsin a vector�eld. WischgollandScheuermann[25]
develop a methodto extract closedstreamlinesin a 2D vector
�eld de�ned on a trianglemesh.Note that closedstreamlines
are in fact attractingand repelling periodic orbits. Theiselet
al. [26] proposea mesh-independentperiodic orbit detection
methodfor planardomains.In contrastto theseapproaches,
our automatic detection algorithm is extended to surfaces.
Furthermore,this is the �rst time periodicorbit extractionand
visualizationhasfound utility in a real application.

C. Vector Field Simpli�cation

Vector �eld simpli�cation refers to reducingthe complex-
ity of a vector �eld. There are two classesof simpli�-
cation techniques:topology-based(TB), and non-topology-
based(NTB) [6]. Existing NTB techniquesareusuallybased
on performing Laplacian smoothing on the potential of a
vector �eld insidethe speci�ed region. Oneexampleof these
work is by Tong et al. [27], who decomposea vector �eld
usingHodge-decompositionandthensmootheach-component
independentlybeforesummingthem.

TB techniquessimplify the topology of a vector �eld
explicitly. Tricocheet al. [1] simplify a planarvector �eld by
performinga sequenceof cancellingoperationson �x edpoint
pairs that are connectedby a separatrix.They refer to this
operationaspair annihilation. A similaroperation,namedpair
cancellation, hasbeenusedto remove a wedgeand trisector
pair in a tensor�eld [28]. Edelsbrunneretal. [29] performpair
cancellationon scalar�elds de�ned on surfacesby changing
thevaluesof thescalarfunctionnearthe �x edpoint pair. This
is equivalent to simplifying the gradientvector �eld of the
scalarfunction. We will follow this convention and refer to
such an operationas �x ed point pair cancellation.Zhang et
al. [6] provide a �x ed point pair cancellationmethodbased
on Conley theory. They alsoextendthis operationto surfaces
andto �x edpoint pairsthatarenot connectedby a separatrix,
such as a centerand saddlepair. In this paper, we describe
a moregeneralframework for cancellingobjectpairssuchas
�x ed pointsandperiodicorbits (SectionVI).

I I I . BACKGROUND ON VECTOR FIELDS

Our control of vector �elds on surfaces is done using
conceptsfrom the topological theory of dynamicalsystems.
Considera manifoldM anda subsetX � M. The boundaryof
X is denotedby ¶X andclosureby cl(X).

Mathematically, a vector �eld can be expressedin terms
of a differential equation �x = V(x). The set of solutions to
it gives rise to a �ow on M; that is a continuousfunction
j : R � M ! M satisfyingj (0;x) = x, for all x 2 M, and

j (t; j (s;x)) = j (t + s;x) (1)

for all x 2 M andt;s2 R. Given x 2 M, its trajectory is

j (R;x) := [ t2Rj (t;x): (2)

S� M is an invariant set if j (t;S) = S for all t 2 R. Observe
that for every x 2 M, its trajectory is an invariant set. Other
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Fig. 3. An examplevector �eld (upperleft) and its ECG (lower left). The
vector �eld containsa source(green),threesinks (red), threesaddles(blue),
a repelling periodic orbit (green),and two attractingperiodic orbits (red).
Separatricesthatconnectasaddleto arepeller(asourceor aperiodicorbit) are
coloredin green,andto anattractor(a sink or a periodicorbit) arecoloredin
red.The�x edpointsandperiodicorbitsarethenodesin theECG(lower left)
andseparatricesarethe edges.In addition,a periodicorbit canbe connected
directly to a source,sink, or anotherperiodicorbit. Suchconnectionsarealso
depictedasedgesin theECG.Thesimpli�ed �eld of (upperleft) is shown in
(upperright) and its correspondingECG is (lower right). Notice the Conley
index for both vector �elds insidethe white loop arethe same,which allows
the vector �eld in the left to be simpli�ed into the oneshown in the right.

simple examplesof invariant sets include the following. A
point x 2 M is a �xed point if j (t;x) = x for all t 2 R. More
generally, x is a periodic point if there exists T > 0 such
that j (T;x) = x. The trajectoryof a periodicpoint is calleda
periodic orbit.

Considerationof the important qualitative structuresas-
sociatedwith vector �elds on a surface requiresfamiliarity
with hyperbolic �x ed points,periodicorbits andseparatrices.
Let x0 be a �x ed point of a vector �eld �x = V(x); that
is V(x0) = 0. The linearization of V about x0, results in a
2 � 2 matrix D f (x0) which has two (potentially complex)
eigenvaluess1 + im1 ands2 + im2. If s1 6= 0 6= s2, thenx0 is
calleda hyperbolic�xed point. Observe thaton a surfacethere
are three types of hyperbolic �x ed points: sinks s 1;s2 < 0,
saddless1 < 0 < s2, andsources0 < s1;s2. Becausewe are
consideringsystemswith invariantsetssuchasperiodicorbits,
the de�nition of the limit of a solutionwith respectto time is
non-trivial. The alpha andomega limit setsof x 2 M are

a (x) := \ t< 0cl(j (( � ¥ ;t);x)) ; w(x) := \ t> 0cl(j ((t;¥ );x))

respectively. A periodic orbit G is attracting if there exists
e > 0 suchthat for every x which lies within a distancee of
G, w(x) = G. A repellingperiodicorbit canbesimilarly de�ned
(a (x) = G)). Finally, given a point x0 2 M, its trajectoryis a
separatrix if the pair of limit sets(a (x);w(x)) consistof a
saddle�x ed point and anotherobject that can be a source,a
sink, or a periodicorbit. Figure3 providesan examplevector
�eld (upper-left). Fixedpointsarehighlightedby coloreddots
(sources:green; sinks: red; saddles:blue). Periodic orbits
are colored in green if repelling and in red if attracting.
Separatricesthat terminatein a sourceor a repellingperiodic
orbit are shown in greenand thoseterminatein a sink or an
attractingperiodic orbit are colored in red. For convenience,
we will refer to a sourceanda sink asa nodein theremainder

ECG MCG

Fig. 4. This exampleshows the differencebetweenECG and MCG for a
piecewise linear vector �eld createdusing our tool. The vector �eld shown
in the left containsone �x ed point and threeperiodic orbits. Therefore,the
ECG consistsof four nodes(middle). However, due to the resolution of
the underlying mesh,there are only two Morse sets(colored regions) with
one containingthe �x ed point and the other containingthe periodic orbits.
Consequently, thereare two nodesin the MCG (right).

of the paperwherever appropriate.
Even for �o ws restrictedto surfaces,invariant setscan be

extremely complicatedand cannotbe assumedto consistof
hyperbolic �x ed points,periodic orbits and separatrices[30].
Furthermore,even if the recurrentdynamicsis restrictedto
�x ed points and periodic orbits, it is impossibleto develop
an algorithm that will identify all of them. For example,
it is easy to generatecontinuousvector �elds that contain
in�nitely many isolated �x ed points and/or periodic orbits.
Even for continuouspiecewise linear vector �elds, it is not
clear whether in�nitely many isolated periodic orbits may
exist. Furtherinvestigation is requiredto answerthis question.
Thus we require a languagethat allows us to manipulatea
broaderbut usefulclassof invariantsets.

A. MorseDecompositionand ConnectionGraphs

A compact set N � M is an isolating neighborhoodif
for all x 2 ¶N, j (R;x) 6� N. That is, the �o w enters or
leaves N eventually everywhereon ¶N. An invariant set S
is isolated if there exists an isolating neighborhoodN such
that S is the maximal invariant set containedin N. Observe
that hyperbolic �x ed points and periodic orbits are examples
of isolated invariant sets. Isolated invariant setspossestwo
essentialproperties.First, there are ef�cient algorithms for
identifying isolatingneighborhoods[11]. Second,thereexists
anindex, calledtheConley index [31], that identi�es thetypes
of modi�cations to the structureof the invariant set that are
topologically permissible.For example, the Conley index of
thevector�eld shown in Figure3 (upper-left) insidethewhite
loop is identical to that of a sink. Topologicalsimpli�cation
of the complex �eld inside the region can result in the �eld
shown in the right.

Central to our effort is the needfor a computationallyro-
bust decompositionof invariantsets.A Morsedecomposition,
M (S), of S consistsof a �nite collectionof isolatedinvariant
subsetsof S, calledMorsesets,

M (S) := f M(p) j p 2 P g (3)

such that if x 2 S, then there exists p;q 2 P such that
a (x) � M(q) and w(x) � M(p). Furthermore,there exists a
partial order > on P satisfying q > p if there exists x 2 S
such that a (x) � M(q) and w(x) � M(p). Let C(p;q) :=
f x 2 M j a (x) � M(p) andw(x) � M(q)g. An ef�cient means
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of presentingthe partial order on a Morse decomposition
is given by the associatedMorse ConnectionGraph (MCG)
which is the minimal directedgraph whoseverticesconsist
of the Morsesetsf M(p) j p 2 P g andwhosedirectededges
M(q) ! M(p) imply q > p. Figure 3 (lower-left) shows an
MCG of the vector �eld in the upper-left. Here P is the
set of labels (R1 and R2, S1-S3, and A1-A5), and M(p) is
the actual object that p represents,i.e., M(R1) is a source.
Note that a MCG containssupplementaryinformation with
respectto the topologicalskeletonpresentedby Helmannand
Hesselink[22]. For example,considerthe idealizedmagnetic
�eld over the Earth's surfacein which only two �x ed points
exist and none of the connectingorbits betweenthem is a
separatrix.Similarly, a periodic orbit can be connectedto a
source(Figure 7, left) or anotherperiodic orbit (Figure 7,
middle) without any separatricesin the �eld.

Computinga Morsedecompositionandits associatedMCG
can be done as follows. Let T denote a triangulation of
the phasespace.An edge in this triangulation is classi�ed
as a transverse edge if the �o w leaves one of incident
trianglescompletely(a one-way road).Otherwise,the edgeis
nontransverse(two-way). Constructequivalenceclasseson T
usingthe following relationshipandtransitivity. Two triangles
T0;T1 2 T areequivalentif T0 \ T1 consistsof a nontransverse
edge. Taking the union of all triangles in an equivalence
classproducesa polygonalregion, who boundaryconsistsof
transverseedgesonly. Let R denotethe resultingcollection
of polygons which tile the phasespace.De�ne a directed
graph whose vertices consist of the polygons in R . Given
R0;R1 2 R , thereexists an edgefrom R0 to R1 if andonly if
R0 \ R1 containsan edgeand the vector �eld points from R0
to R1 along the edge.Finally, �x a tolerancee > 0 (to avoid
missing �x ed points during extraction) and if there exists a
point in R0 at which kVk � e then include an edgefrom R0
to itself. It is proven in [11] that the maximal invariant sets
within thestronglyconnectedpathcomponentsof this directed
graph producea Morse decompositionfor the vector �eld
andfurthermore,the MCG canbe obtainedfrom the treethat
resultsfrom thecollapsingeachstronglyconnectedcomponent
to a singlevertex. Standardalgorithms[32] indicatethat this
procedurecan be performedin linear time in the numberof
verticesandedgesin the graph.An implementationof Morse
decompositionin practicecanbe found in [12].

A node in the MCG is an isolated invariant set, which
may contain multiple �x ed points and periodic orbits. For
many engineeringapplications,suchasthestudyof in-cylinder
�o w, engineersareoftenmoreconcernedwith individual �x ed
pointsandperiodicorbits. Therefore,thereis a needto build
a graphG, whosenodesconsistof �x ed points and periodic
orbits. Similar to an MCG, the edgesin G representsthe
connectivity information betweenthe nodesaccordingto the
vector �eld. We refer to this graph as an Entity Connection
Graph, or ECG. An ECG is a re�nement of the MCG of the
samevector �eld. In fact, an MCG canbe obtainedfrom the
correspondingECG by merging nodesthat are in the same
Morseset.Furthermore,the MCG is equalto the ECG when
thevector�eld hasa �nite numberof �x edpointsandperiodic
orbits, all of which have an isolating neighborhoodof their

own. Fig. 4 shows the differencebetweenthe MCG andECG
of a piecewise linear vector �eld createdwith our system.In
the remainderof the paper, we will only show the ECG's for
illustration purposes.

Given that theECGis a re�nementof theMCG, the reader
may wonderwhy we emphasizethe existenceof both graphs.
There are two reasons.The �rst is that we make use of
informationfrom the MCG to computethe ECG.The second
hasto do with the validity of the information.Any numerical
or experimental method is subject to errors and thus one
must be concernedwith whethertheseerrors are signi�cant
enoughto producemisleadinginformation. In the domainof
numericalanalysisthe existenceof spurioussolutionswould
be an example of such misleadinginformation. A rigorous
analysisof the validity of the methodsbeing presentedhere
is beyond the scopeof this paper, however we believe that
asa basisfor future researchit is importantto point out that
the topologicalmethodsof Conley theory have beenusedto
obtain computerassisted,but mathematicallyrigorousproofs
concerningthestructureof a wide varietynonlineardynamical
systems[33], [34]. Thus,ourcon�dencelevel in thevalidity of
the visualizedstructuresandmodi�cations is higherfor those
objectsidenti�ed with the MCG thanthe ECG. Note that the
ECG graphwill not be completewithout boundaryanalysis.

B. Vector Field Simpli�cation on Surfaces

Vector�eld simpli�cation correspondsto a reductionin the
numberof Morsesetsin the decomposition(comparethe two
�elds in Figure 3). Vector �eld modi�cation correspondsto
a changein the dynamicswithin an isolating neighborhood
of a Morse set. To foreshadow the discussionof SectionVI
andto understandthe potentialvector �eld simpli�cation that
could possibly be associatedwith such a reductionrequires
the introductionof a topologicalinvariant, the Conley index.

While the Conley index is applicablein the setting of a
general dynamical system,we restrict our attention to the
settingof �o ws on surfaces.An isolating neighborhoodN is
an isolating block if there exists e > 0 such that for every
x 2 ¶N, we have

j (( � e;0);x) \ N = /0 or j ((0;e);x) \ N = /0

In other words, the trajectory entersN, leaves N, or both
immediatelyeverywhereon ¶N. The exit set of an isolating
block N is L := f x2 ¶N j j ((0;e);x) \ N = /0g. Thepair (N;L)
is calledanindex pair. In [11] it is proventhatthesetsin phase
spacewhich correspondto thestronglyconnectedcomponents
are isolatingblocks for the �o w j associatedwith the vector
�eld V.

Let S be the maximal invariant set in the isolating block
N with exit set L. The Conley index of S is the relative
homology [35] of the index pair (N;L); that is, CH� (S) :=
H� (N;L) (see Appendix for more details). Becausewe are
restrictingour attentionto �o ws on orientablesurfaces,it is
suf�cient to remarkthat we canwrite CH� (S) = (b0;b1;b2) 2
Z3 where bi representsthe i-th Betti number of H� (N;L).
It should be remarked that algorithms for computing Betti
numbersexist [35] and thus we neednot concernourselves
with theseissues.
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C. ImportantConley Indices

Returningto thetopic of design,themostimportantConley
indicesareas follows:

x0 an attracting�x ed point ) CH� (x0) = (1;0;0)

x0 a saddle�x ed point ) CH� (x0) = (0;1;0)

x0 a repelling �x ed point ) CH� (x0) = (0;0;1)

G an attractingperiodicorbit ) CH� (G) = (1;1;0)

G a repellingperiodicorbit ) CH� (G) = (0;1;1)

S= /0 ) CH� (S) = (0;0;0)

Observe that the emptyset is by de�nition an isolated
invariant set. (0;0;0) representsthe index information for
a region in which every point leaves in both forward and
backwardtime. It shouldbenotedthatthereverseimplications
arenot true.For example,givena polygonalindex pair (N;L)
for a vector �eld V, if H� (N;L) = (0;0;0), then one cannot
concludethat the maximal invariant set in cl(N nL) is the
empty set.However, it can be proven that theredoesexist a
differentvector�eld V̄ suchthatV = V̄ on¶(cl(NnL)) andthe
empty set is the maximal invariant set in cl(N nL) underthe
�o w inducedby V̄. Note the Poincaŕe index for an attracting
�x ed point is the sameas a repelling one. Furthermore,the
Poincaŕe index for a periodicorbit is zero,which equalsthat
of an emptyset.Therefore,Poincaŕe index theory does not
provide enoughutility to handleperiodicorbits, thus limiting
its potentialuses.

To make it clear how the Conley index information can
be used in the vector �eld design process,let us review
our strategy. The �rst step is the identi�cation of a Morse
decompositionfor theentire�o w. Given theassociatedMCG,
theuseridenti�es an interval thatcontainstheelementswhich
areto be eliminated.The interval de�nes an isolatedinvariant
set for which an appropriateisolating block is constructed.
The Conley index is then computed.This index information
providesa topologicalconstrainton thepossiblesimpli�cation
or modi�cation of the vector �eld within the isolating block.
For example,if theConley index doesnot equal(0;0;0), then
any modi�cation will result in the existenceof a nontrivial
invariantset.To provide anevenmorespeci�c example,if the
Conley index is that of a �x ed point, then any modi�cation
of the dynamicson the region will result in a vector �eld
that possessat leastone�x ed point. Furtherexampleswill be
provided in SectionVI.

D. Vector Field Representation

We now describethe computationalmodel of our system.
In this model,theunderlyingdomainis representedby a trian-
gularmesh.Vectorvaluesarede�ned at theverticesonly, and
interpolationis usedto obtainvalueson the edgesand inside
triangles.This appliesto vector �eld editing, simpli�cation,
andanalysissuchas�x ed point andperiodicorbit extraction.

For the planar case,we use the popular piecewise linear
interpolationmethod[1]. On curved surfaces,we borrow the
interpolationschemeof Zhangetal. [6], whichguaranteesvec-
tor �eld continuity acrossthe verticesandedgesof the mesh.
These interpolation schemessupport ef�cient �o w analysis
operationson both planesandsurfaces.

E. ConstrainedOptimization

Oneof theessentialoperationsin our systemis constrained
optimization,which refersto solving a vector-valueddiscrete
Laplacianequationover a region N in thedomain(a triangular
mesh)wherethe vector valuesat the boundaryverticesof N
are the constraints.This operationis usedto createperiodic
orbits (SectionIV) and to perform topologicalsimpli�cation
(SectionVI). The equationhasthe following form:

V(vi) = å
j2J

wi jV(v j ) (4)

where vi is an interior vertex, v j 's are the adjacentvertices
that areeither in the interior or on the boundaryof N, andV
representsthe vector �eld. The weightswi j 's are determined
using Floater's mean-value coordinates[36]. Equation4 is a
sparselinear system,which we solve by using a conjugate
gradientmethod[37]. For convenience,we refer to a vertex v
asbeing�xed if thevectorvalueat v is partof theconstraints.
Otherwise,v is free. Note that a similar formulationhasbeen
usedto reducethe complexity of vector �elds [6] and tensor
�elds [38].

IV. PERIODIC ORBIT CREATION

In this section,we describenovel algorithmsfor creating
periodicorbits in the planeandon surfaces.The input to our
algorithmsconsistsof the desiredtype of the orbit (attracting
or repelling)anda prescribedpath,which is an orientedloop.
Figure 5 shows an example path (left: blue loop). We then
generatea sequenceof evenly-spacedsamplepoints on the
loop (middle: green dots) and treat the tangent vectors at
thesepointsasconstraints(middle: magentaarrows). Finally,
we producea vector �eld with a periodic orbit that closely
matchesthe user input (right: red dashedlines). We use the
dashedlines to representthe continuousperiodicorbit so that
it canbevisually comparedwith theuser-speci�edpath.Next,
we describetwo waysof creatinga vector �eld basedon the
constraints:basisvector �elds andconstrainedoptimization.

A. Attracting and RepellingBasisVector Fields

An intuitive way to build a vector �eld that satis�es the
constraintsis to use basis vector �elds [2] [17]. In this
approach,every user-speci�ed constraintis usedto createa
basisvector �eld de�ned in the plane.A vector �eld is then
constructedas a weighted sum of thesebasis vector �elds
[17] [6]: V(P) = å

i
wi(P)Vi(P) (5)

where P is any position in the vector �eld, Vi(P) is the ith

basisvector �eld, that refersto either a singularor a regular
designelement[6], and wi(P) is the weight for the ith basis
vector �eld. In our implementation,we usewi(P) = ekP� Pik

2

for the ith basisvector�eld, wherePi is the centerpositionof
the ith basisvector �eld.

This ideahasbeenappliedto creatingwind forcesto guide
computeranimation[39], to testing a vector �eld visualiza-
tion technique[17], and to generatingvector �elds for non-
photorealisticrenderingandtexture synthesis[6].

In theory, any vector �eld can be createdby using regular
elements.In practice,however, it often requiresan excessive
numberof regular elementsto generatecertain vector �eld
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Fig. 5. Given an orientedloop (left), our systemproducesa sequenceof
samplepoints (middle: dots)andevaluatestangentvectorsat thoselocations
(middle: arrows). We then computea vector �eld that containsa periodic
orbit (right: red dashedlines) by generatingconstraintsbasedon thesevector
values.Notice that the periodicorbit matchescloselythe user-speci�ed loop.

features.For example, at least three regular elementsare
neededto specifya sourceor a center. To producea periodic
orbit, regular elementsmust be speci�ed not only along the
prescribedpath, but also near the orbit in order to enforce
the type of the orbit (attractingor repelling). Given that the
cost of summing basis vector �elds is proportional to the
numberof designelements,we wish to reducethe number
of basisvector �elds while maintainingef�cient control.This
is achieved with the introductionof two new typesof design
elements:attachmentelementsandseparation elements.

Before describing these elements,we brie�y review the
concepts of attachmentand separationpoints from Ken-
wright [40]. Given a vector �eld V and a point p0 in the
plane,we considerthefollowing two values:e1 � u ande2 � u,
whereu is the vectorvalueat p0 ande1 ande2 arethe major
and minor eigenvectorsof the Jacobian.p0 is an attachment
point if e1 � u = 0, and a separation point if e2 � u = 0. An
attachmentline consistsof attachmentpoints.Geometrically,
such a line attract nearby �o w. A separationline can be
de�ned in a similar fashionexceptthatnearby�o w is repelled
from the curve. Ideally, an attachmentelementwill result in a
basis vector �eld that has an attachmentline as illustrated
in Figure 6 (middle). The following formula describesan
attachmentelementthat has a desiredvector value of (1;0)
at (x0;y0).

V(x;y) = B(x;y)
�

1
c(y� y0)

�
(6)

whereB(x;y) = e� ((x� x0)2+( y� y0)2) is theblendingfunction for
the elementandc < 0 is a parameterthat describesthe speed
at which the �o w leaves the line y = y0. The larger jcj is,
the more quickly the vectorsnear the attachmentline point
towardsit. Notice the basis�eld containsan attachmentline
at y = y0. Formula6 canalsobe usedto specifya separation
element(c> 0) anda regularelement(c= 0). Whenthevector
value is (cosq0;sinq0) for someconstantq0, the formula has
the following form:

V(x;y) = B(x;y)(
�

cosq0
sinq0

�
+ cP(x;y)

�
� sinq0

cosq0

�
) (7)

whereP(x;y) = � sinq0(x� x0) + cosq0(y� y0) is the signed
distanceof a point (x;y) to the line that is speci�ed by
the location and direction of the design element.Figure 6
comparestwo basis vector �elds generatedfrom a regular
element(left) and an attachmentelement(middle). The right
image shows an attracting periodic orbit createdfrom four
attachmentelements.The ideasof attachmentand separation
will be usedagain in our periodic orbit extraction algorithm
(SectionV-A).

Fig. 6. This �gure comparesthebasisvector�eld correspondingto a regular
element(left) andan attachmentelement(middle). The periodicorbit in the
right wascreatedby using four attachmentelements.

Fig. 7. Examplevector �elds createdusingour designsystem.

Vector �eld designusingbasisvector �elds is intuitive and
generatessmoothresults.However, the cost associatedwith
this approachis proportional to the numberof basisvector
�elds. To specify a relative large periodic orbit with high
curvatureoften requireshundredsof attachmentor separation
elements,which makesinteractive designa dif�cult task.The
problemis magni�ed on surfaceson 3D asevery basisvector
�eld requiresa global surfaceparameterizationthat is speci�c
to the underlyingdesignelement[6]. Constructinghundreds
of surface parameterizationsmakes it impractical to create
a periodic orbit interactively. Next, we describea different
strategy that is basedon constrainedoptimization.

B. ConstrainedOptimizationfor Periodic Orbit Creation

Given a user-speci�ed oriented loop g and the desired
type of the periodicorbit, our systemperformsthe following
operationsto createaperiodicorbit closelymatchingtheinput.

First, we identify a region Rg, which is a set of triangles
that encloseg. Next, we assignvector valuesto the vertices
of Rg accordingto the desiredtype, path, and orientationof
the periodicorbit. Finally, our systemperformsa constrained
optimizationto computevectorvaluesfor verticesoutsideRg,
i.e., thefreeverticesin thedomain.Thequalityof theresulting
periodic orbit dependson the choice of Rg and the vector
assignmenton the boundaryof Rg.

We reuse attachmentand separationelementsto obtain
vector values on Rg. Basically, each line segment on the
loop g is usedto infer a designelement.We then compute
vectorvaluesat theverticesof Rg usingthebasisvector�elds
correspondingto theseelements.Note when Rg is chosento
be the whole domain,this techniquebecomesthe basisvector
�eld methodmentionedearlier, which is computationallyex-
pensive. In practice,wechooseRg bethesmallesttrianglestrip
containingg. This greatlyreducesthe amountof computation
that is associatedwith basisvector�elds. In addition,it seems
to producereasonableresultsboth on the planeandsurfaces.
We further speedup the processby only evaluating a basis
�eld at the three vertices of the triangle that contains the
correspondingelement.Whena vertex is sharedby morethan
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Fig. 8. An examplefor building a directedgraphbasedon the input vector
�eld de�ned on a triangular mesh. In the obtained directed graph, each
node refers to a particular triangle, the direction of eachdirectededgeare
determinedby the type of the edge.Basedon the input vector�eld (left), we
build the directedgraphand computethe strongly connectedcomponentsin
the graph(right).

Fig. 9. An example of our periodic orbit detectionalgorithm. First, we
computestronglyconnectedcomponentsandonly considercomponentswhere
periodicorbits may exist (left: coloredregions).Next, we extract attachment
points (right: cyan) and separationpoints (right: magenta)on the interior
edgesin theseconnectedcomponents.By combining the ideasof strongly
connectedcomponentswith theextractionof attachmentandseparationpoints,
our algorithmis fastandef�cient in �nding periodicorbits.

one triangle in Rg, we simply take the averageof the vector
valuescomputedfrom eachincidenttriangle.Fig 5 shows that
thismethodtendsto produceaperiodicorbit (right: dashedred
loop) that matchesthe user-speci�ed loop (right: blue loop).
To obtainsmootherresults,a larger Rg canbe constructed.

We have alsoextendeda similar framework to create�x ed
pointsonsurfaces.Every �x edpoint resultsin threeconstraints
on the verticesthat containsthe desired�x ed point. Vector
valueselsewherein themeshareobtainedthroughconstrained
optimization. This framework avoids the need to construct
a surface parameterizationfor each basis [6] and makes it
possibleto interactively createperiodic orbits on surfacesin
3D. Figure7 shows a numberof vector�elds thatwerecreated
usingour system.Although it worksvery well in practice,we
shouldpoint out thatour approachdoesnot guaranteeto create
a periodicorbit accordingto userinput.

V. TOPOLOGICAL ANALYSIS OF PERIODIC ORBITS

In this section,we describea processin which an ECG is
constructedand illustratedaccordingto the Morse decompo-
sition of a vector �eld (SectionIII). Becauseperiodic orbits
areessentialfeaturesin a non-linearvector �eld, we needthe
ability to detectandlocateperiodicorbitsin a fastandaccurate
manner. Wewill �rst presentanew algorithmfor periodicorbit
identi�cation beforereturningto ECG constructions.

A. Periodic Orbit Detection

Ourperiodicorbit detectionmethodis inspiredby Wischgoll
and Scheuermann[25], in which they locate periodic orbits
in a planarvector �eld by startingstreamlinetracing from a
neighborhoodof a �x ed point and keepingtrack of repeated

cell cycles. While this methodis capableof detectingmany
periodic orbits, it assumesthat any periodic orbit can be
approachedby a �x ed point, which is not always true. One
examplecaseis the repelling periodic orbit betweenthe two
surroundingattractingorbits in Figure9. To be ableto detect
periodic orbits even when they are not approachedby any
�x ed point, we have developeda new periodicorbit detection
method that has drawn ideas from the Morse decomposi-
tion [41] andseparationandattachmentlines [40].

A periodic orbit must situate inside a region of �o w
recurrence,which correspondsto certain types of strongly-
connectedcomponentsin thedomain(SectionIII). Recallthat
strongly-connectedcomponentsare computedby treatingthe
meshasa graphandmerging trianglesthatsharemixededges.
Figure 8 illustratesthe constructionof a directedgraphfrom
an input vector �eld de�ned on a mesh.Note that a strongly-
connectedcomponentdoesnot contain a periodic orbit if it
either consistsof a single triangle or it is a topologicaldisk
andcontainsno �x ed point. This computationcorrespondsto
computinga Morsedecompositionof the�o w. Figure9 shows
an example of the strongly connectedcomponentsthat may
containperiodicorbits (left: coloredregions).

Recall that multiple periodicorbits may exist in an isolated
Morseset (a strongly-connectedcomponent).To extract indi-
vidual periodicorbits in a fastandef�cient manner, we need
a good geometric indicator as to which strongly-connected
componentsmight containperiodicorbits.Kenwrightpresents
ef�cient techniquesin extraction openand closedseparation
and attachmentlines [40]. We have used separationand
attachmentelementsto createperiodic orbits (SectionIV-A).
We now apply theseideas to periodic orbit extraction. Our
algorithmis as follows:

1) Step1: We computethestronglyconnectedcomponents
of themeshaccordingto the�o w. In addition,wediscard
componentsthat do not containa periodicorbit, i.e., if
the componentS consistsof a single triangle or if S is
a topologicaldisk and containsno �x ed points.Let S
be the set of strongly connectedcomponentsthat may
containa periodicorbit.

2) Step2: We extract the attachmentandseparationpoints
for every edgein the interior of a strongly connected
componentin S .

3) Step3: For every stronglyconnectedcomponentS2 S ,
we startstreamlinetracingfor eachattachmentpoint in
Saccordingto the �o w. If thestreamlinereachesa �x ed
point or the boundaryof S, we stoptracinganddiscard
the attachmentpoint. Otherwise, the streamline will
approachanattractingperiodicorbit. In casetheperiodic
orbit hasbeendiscoveredpreviously, it will be ignored.
Otherwise,theperiodicorbit is recorded,anda sequence
of denseand evenly-spacedpoints are placed along
the orbit. Thesepoints allow tracing from subsequent
attachmentpoints to quickly determinewhether it is
approachingan existing or new periodicorbit.

4) Step4: We locatetherepellingperiodicorbitsby repeat-
ing step3 with the following two modi�cations: tracing
will now (1) start from separationpoints,and(2) be in
the backward directionof �o w.
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Fig. 10. An examplescenarioin which inconsistenttensorassignmentcan
lead to false separationor attachmentpoints. In the left image, given the
vector valuesu at the verticesof an edge(cyan arrows) and the Jacobian
tensor(red arrows representthe major eigenvectorse1), it is clear that there
is not any separationpoint on the edge.However, by converting the tensor
�eld into a vector �eld (middle and right) and evaluatinge1 � u can cause
falseseparationpoint to appear(right).

Kenwrightevaluatesei � u at theverticesof theedgeanduse
linear interpolationto locateattachmentandseparationpoints.
This formulation assumesthat an eigenvector �eld can be
treatedasa vector�eld. However, aspointedout by Zhanget
al. [42], treatinganeigenvector�eld asa vector�eld will lead
to discontinuitiesin the vector �eld andcausevisual artifacts
in tensor�eld visualizationand non-photorealisticrendering.
We have observed similar problemsduring the computation
of attachmentand separationpoints. For instance,consider
the exampleshown in Figure10, in which the vector �eld is
constantalonganedgee (cyanarrows) andtheJacobianalong
the edgeis nearly constant(major eigenvectorsare shown in
red bidirectionalarrows). When choosinga consistentdirec-
tion assignmentfor the eigenvectorsat the vertices(middle),
we concludethat no separationor attachmentpoint exists on
e. However, the assignmentin the right will lead to a false
identi�cation of a separationpoint. To overcomethis problem,
we simply assumethe Jacobianis constantalong an edge
andevaluateit at the middle of an edgeby performinglinear
interpolationon the Jacobiansat the vertices.This ef�ciently
removestheneedto carefullyassigndirectionsto eigenvectors
at the two verticesof an edge.

To perform tracing on surfaces, we use a Runge-Kutta
scheme[43] thathasbeenadaptedto surfaceswith a piecewise
interpolation schemethat guaranteesvector �eld continuity
acrossverticesandedges[6].

We shouldpoint out that our approachdoesnot guarantee
to �nd all the periodicorbits in the given vector �eld.

B. ECG Constructionand Display

Sincethe constructionof the MCG graphfollows from the
work of Kalieset al. [11] andKaliesandBan [12], we turn to
a descriptionof our algorithmfor constructingthe ECG for a
given vector �eld startingwith a brief review of vector �eld
topology that involves �x ed pointsandperiodicorbits.

Considera vector �eld V on a surface S that containsat
least a �x ed point or periodic orbit, i.e., the ECG of V is
not empty. V inducesa partition of S. Each sub-region in
the partition is a basin that can be boundedby �x ed points,
periodicorbits,and/orseparatrices.A streamlineinsidea basin
�o ws from a sourceobjecta to a destinationobjectw. Both
a and w can be a node�x ed point (a sourceor a sink) or a
periodicorbit. In addition, for eachof the threecases(node-
node,node-periodicorbit, and periodic orbit-periodic orbit),
the link betweena andw canbeeitherdirect, i.e., thereis an
edgeconnectingthem in the ECG, or indirect, i.e., they are

connectedto somecommonsaddlesthroughseparatrices.Note
that a periodicorbit separatesnearby�o w into two parts.On
eitherside,therecanbeoneor morebasins.Whenthereis one
basin,theperiodicorbit is directly linked to a nodeor another
periodicorbit. In thecaseof multiple basins,theperiodicorbit
is linked to othernodesor periodicorbits throughsaddles.

To computethe ECG, we perform a three-stageoperation.
First, we locate the �x ed points and periodic orbits. These
are the nodesin the ECG. Next, we computeall the sep-
aratricesby tracing from every saddlein its incoming and
outgoing directionsuntil the trajectoriesend in a node or a
periodic orbit. Finally, we identify edgesin the ECG that
are not separatrices.Our methodsfor �x ed point extraction
and separatrixcomputationare according to Helmann and
Hesselink[22] except they do not handlevector �elds that
containperiodicorbits.Periodicorbitsareidenti�ed usingthe
algorithmdescribedin SectionV-A.

We now describehow to computenon-separatrixedgesin
the ECG. As discussedearlier, this correspondsto an edge
in the ECG that doesnot involvesany saddle.Thereare four
cases:(1) a sourceand a sink (type 1), (2) a sourceand an
attractingperiodic orbit (type 2), (3) a sink and a repelling
periodic orbit (type 3), and (4) a repelling periodic orbit and
an attractingperiodicorbit (type 4). Note a nodecanonly be
involved in onenon-separatrixedge,andso doeseachsideof
a periodic orbit. We use a �ag to describeevery node.The
�ag is set to 1 if the node is connectedto a saddlein the
ECG. Otherwise,the �ag is set to 0. Similarly, we de�ne a
�ag for eachsideof a periodicorbit to recordwhetherthereis
at leastoneseparatrixapproachingtheperiodicorbit from that
side. To computenon-separatrixedges,we �rst locateedges
emanatingfrom repelling orbits. For eachrepelling periodic
orbit g and eachside, if the corresponding�ag is 0, we �nd
a nearbypoint on that side of g and perform tracing in the
directionof the �o w until the streamlineterminatesat a sink
or an attractingperiodicorbit. In caseof a sink, we mark its
�ag to be 1 and insert an edge(type 3) in the ECG. If the
streamlineendsin an attractingperiodic orbit, we mark the
�ag to be 1 for the sideof the attractingorbit from which the
streamlineapproaches.An edge(type 4) is then insertedinto
theECG.Notice thatat theendof this step,all non-separatrix
edgesof types3 and4 are found. We now performthe same
operationsto all the extractedattractingperiodicorbits whose
sideor sidesarestill marked as0, except that tracing is now
donein thereversedirectionof the�o w. This allows usto �nd
all type2 edges.Finally, we go throughevery sourcethat still
hasa �ag of 0 and tracefrom a nearbypoint in the forward
directionuntil it terminatesat a sink.This will �nd all thetype
1 edges.It appearsthat type 1 edgesare ratheruncommon.
In fact, the only instancethat we know of is the idealized
magnetic�eld over a sphere,which containstwo �x ed points
andno periodicorbits. Figure11 illustratesthis processwith
an examplevector�eld that containstwo sources,onesaddle,
andfour periodicorbits.In (a), we extract the �x edpointsand
periodic orbits. We also mark as unvisited (white disks) for
all the sourcesandsinksandfor both sidesof every periodic
orbit. Next (b), we computeseparatricesand mark as visited
(black disks) any nodeor any side of a periodic orbit that is



IEEE TVCG, VOL. ?,NO.?, AUGUST 200? 10

(a) (b) (c) (d) (e)

Fig. 11. This �gure illustratesour algorithmfor constructionof ECG's. First (a), we perform�x ed point andperiodicorbit extraction.We mark asunvisited
(white disks) for every source/sinkandfor both sidesof every periodicorbit. Next (b), we computeall the separatricesandmark asvisited (black disks) for
R2 and the outer side of R3 sincethey are connectedto the saddleS1 in the ECG. In (c), we start from the inner side of R3 and follow the �o w forward
to �nd the link to the outer sider of A2. An edgeis addedto the ECG, and both sidesin the link are now marked as visited. In (d), we perform similiar
operationsto the unvisited sidesof every repellingorbits (both sidesof R4) to �nd all the links to a sink or an attractingorbit. Finally (e), we start from any
unvisited sideof an attractingperiodicorbit and follow the �o w in the reversedirection to locatelinks to unmarked sources.

connectedto a saddle.In the next stage,we start from any
unvisitedsideof a repellingperiodicorbit andfollow the �o w
forward to locatelinks to a sink or an attractingorbit. In (c),
suchan operationfound a link betweenthe inner side of R3
and the outer side of A2, both of which are now marked as
visited.Performingthis operationon all theextractedrepelling
periodicorbits leadsto (d), in which links suchasR4/A1 and
R4/A2 arefound.Finally (e), we start from any unvisited side
of anattractingperiodicorbit andfollow the�o w in thereverse
direction to locatethe remainingedgesin the ECG.

To displayan ECG, we arrangevector �eld features(�x ed
points and periodic orbits) in three rows, with sourcesand
repelling period orbits in the top row, sinks and attracting
period orbits in the bottom row, and saddlesin the middle
row (Figure3). We alsoprovide theuserwith thecapabilityto
selectanobjecteitherin the �o w displayor thegraphdisplay,
andour systemwill highlight the object in both screens.This
allows a userto navigate througha rathercomplex �o w �eld
with relative ease.

C. Application to Analytic Data

For all the �elds designedwith our system,we use this
method to detect periodic orbits and construct ECG's. In
addition, we have testedour methodon other datasetsgen-
eratedfrom mathematicalformulasandfrom �uid simulation.
Figure12 shows a vector �eld that correspondsto

V(x;y) =
�

y
� x+ ycos(x)

�
(8)

It hasbeenproventhatthissystemhasexactlyn periodicorbits
in the region

p
x2 + y2 < (n+ 1)p [44]. We samplethe vector

�eld at theverticesof a boundedunderlyingmesh,andemploy
the piecewise linear interpolationscheme[1] to obtainvalues
insidetriangles.Theleft of this �gure showstheperiodicorbits
extractedusingour method,andthe right portion displaysthe
correspondingECG.Thereare� ve periodicorbits.Noticeour
methodis able to detectperiodic orbits even when thereare
no saddlesin the �eld.

Fig. 12. The vector �eld de�ned in Equation 8 over the region
f (x;y)jmax(jxj; jyj) < 11pg. There is one sourcein the region enclosedby
� ve periodic orbits. Our algorithm was able to captureall of theseorbits
without requiring the presenceof any separatrices.

D. Application to EngineSimulationData

We have alsoappliedour techniqueto two datasetsfrom au-
tomotive enginesimulation [7], morespeci�cally, the design
andoptimizationof in-cylinder �o w. Engineersresponsiblefor
the designof, in this case,a diesel enginetry to createan
ideal patternof motion,which canbe describedby a swirling
�o w aroundan imaginaryaxis.Achieving theseideal patterns
of �o w optimizesthe mixture of oxygenand fuel during the
ignition phaseof the valve cycle. Optimal ignition leadsto
very desirableconsequencesassociatedwith the combustion
processincluding: more burnt fuel (less wastedfuel), lower
emissions,andmoreoutputpower. Onetype of �o w, referred
to asthe swirl motion, is shown in Figure13 (right). Suchan
ideal is often strived for dieselengines.

In Figure 1 we visualize the �o w and its topology inside
the combustion chamberfrom the diesel enginesimulation.
We have slicedthroughthegeometryin thesamemannerthat
engineersdo whenanalyzingthe simulationresults.The �rst
slice,at 10%thelengthof thevolume,indicatesa swirl pattern
thatdeviatesratherstronglyfrom theideal-whichwould result
in a simple recirculationorbit aroundthe center. The second
slice, at 25% down the chambergeometrywe seea periodic
orbit very close to the center that starts to approximatethe
ideal swirl motion. However, other lessideal �x ed pointsare
foundneartheperimeterof thegeometry. Themethodwe use
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Fig. 13. Idealizedin-cylinder �o w througha gas engine(left) and a diesel
engine(right). Figures14and2 show ourvisualizationof CFDdatasimulating
such�o ws.

hereis similar to the moving cutting planetopologyapproach
of Tricoche et al. [45]. We note that caution must be used
wheninterpretingtheseresultssincethe vector �eld hasbeen
projectedonto 2D slices. On the other hand, the engineers
involved are very familiar with the simulation data and are
well awareof its overall characteristics.

Figure2 shows from two viewpointssomesimulationresult
in which undesired�x edpointsandperiodicorbitsarepresent.
Thereare a total of 226 �x ed points and 52 periodic orbits.
The total time to constructthe ECG for the �o w is 29:15
secondson a 3:6 GHz PC with 3:0 GB RAM. Another type
of motion, termedtumble �ow , is shown in Figure 13 (left).
Theaxisof rotationin the tumblecaseis orthogonalto thatof
theswirl case.Thedatasetthat is beingvisualized(Figure14)
is also from simulation,and it contains56 �x ed points and
9 periodic orbits. The ECG for this datasetis shown in the
bottomrow. Throughtheapplicationof our automaticperiodic
orbit extractionandvisualizationalgorithmwe canobserve a
closedstreamlineabout a central axis correspondingto the
ideal patternof tumble motion in the gas enginesimulation
results.This is precisely the type of re-circulation that the
engineersstrive to realizewhendesigningtheintake portsof a
gasenginecylinder. Our algorithmenablestheCFD engineers
to automaticallydetectand visualizethis highly sought-after
pattern of �o w in a direct manner for the �rst time (see
Figure14). Thetotal time for computingtheECGof this time
is 31:58 seconds.The ECG producedfrom the dieselengine
simulationresultsis of evenhighercomplexity thanthatof the
gasengine.Table I shows the complexity for both simulation
datasetsand the timing resultsin seconds.

VI . VECTOR FIELD SIMPLIFICATION

Topological simpli�cation of a vector �eld has many ap-
plications, such as �o w visualization,texture synthesis,and
non-photorealisticrendering.

A. SingleAttractor/RepellerPair Cancellation

A well-known topological simpli�cation operationis pair
cancellationon a pair of �x ed points with oppositePoincaŕe
indices and a unique orbit connectingthem. This operation
has also been referred to as pair annihilation [1]. After
cancellation,both �x ed points disappear. Tricoche et al. [1]
perform this operationin planardomainsbasedon Poincaŕe
index theory, which doesnot apply to periodic orbits. Zhang
et al. [6] provide an ef�cient implementationof the pair

Fig. 14. Thevisualizationof CFD datasimulatingin-cylinder �o w througha
gasenginefrom two viewpoints(top), andthe correspondingECG (bottom).
Throughthe applicationof our automaticperiodicorbit extractionalgorithm
we canobserve a closedstreamlineabouta centralaxis correspondingto the
ideal patternof tumble motion in the gas enginesimulationresults.This is
preciselythe type of re-circulationthat the engineersstrive to realizewhen
designingthe intake portsof a gasenginecylinder (Figure13, right).

cancellationoperationbasedon Conley index theory. They
also extend �x ed point pair cancellationto surfacesand for
pairs that arenot connectedby a separatrix,suchas a center
andsaddlepair. However, neithertechniquedealswith periodic
orbits,which limits their potentialapplicationsin visualization
andgraphics.Our paperaddressesthis by providing a general
framework thatallows cancellationsof a repellerandattractor
pair in which either object or both can be a periodic orbit.
Similar to Zhang[6], our framework is basedon Conley index
theory. Beforeproviding thedetailson our generalframework,
we �rst commenton what we meanby pair cancellation.

Pair cancellationP involves a repeller R and an attractor
A. P is direct if there is at leastone edgebetweenR and A
in the ECG, and P is indirect if R and A are linked through
eitheroneor two saddles.Whena nodeor a periodicorbit is
linked to a saddlethroughoneconnectingseparatrix,the pair
are singly connected. Otherwise,they are doubly connected.
Wehave identi�ed six directcancellationscenarios(Figure15)
andseven indirect ones(Figure16) on the plane.Our system
canhandleall of thesecases.To our bestknowledge,previous
pair cancellationmethodsareonly availableto handlecase(1)
in Figure15.

Whenperformingpair cancellation,we expectthecomplex-
ity of the �o w to be reducednearthe objectpair, suchasthe
casein Figure15(1). However, thereductionin thecomplexity
doesnot meanthe resulting�o w will alwaysbe free of �x ed
points and periodic orbits. For instance,a sink and periodic
orbit cancellationresultsa sourceasshown in Figure15 (2).
In fact, the characteristicof the resulting�o w is constrained
topologicallyby the Conley index of the isolatingblock over
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TABLE I

THE COMPLEXITY AND TIMING RESULTS FOR TWO CFD DATA SIMULATING IN-CYLINDER FLOW THROUGH A COMBUSTION ENGINE (FIGURES 14

AND 2). AN EDGE IN THE ECG CORRESPONDS TO A LINK BETWEEN A SOURCE AND DESTINATION OBJECT PAIR, IN WHICH BOTH OBJECTS CAN BE A

FIXED POINT OR A PERIODIC ORBIT. TIMES (IN SECONDS) ARE MEASURED ON A 3:6 GHZ PC WITH 3GB RAM.

dataset # # �x ed # periodic # edges time extracting time extracting time computing time
name polygons points orbits in ECG �x ed points periodicorbits edges total

gasengine 105,192 56 9 97 0.16 22.33 9.09 31.58
dieselengine 886,296 226 52 295 3.16 21.52 4.48 29.15

(1) (2) (3) (4) (5) (6)

Fig. 15. The six direct cancelationscenarios:(1) a sourceandsaddlewith a uniqueconnectingseparatrix,(2) a sink anda periodicorbit, (3) an attracting
periodicorbit anda repellingone,(4) a periodicorbit anda saddlewith a uniqueconnectingseparatrix,(5) a sink anda saddlewith two connectingseparatrices,
and(6) a periodicorbit anda saddlewith two connectingseparatrices.The top row shows the original vector�elds, while the bottomrow displaysthe vector
�eld after cancellation.Notice that our cancellationoperationsareonly appliedto the intendedobjects.

(1) (2) (3) (4) (5) (6) (7)

Fig. 16. The seven indirect cancellationscenarios:(1) a sourceand a sink pair with two saddlesbetweenthem, (2) a sourceand a sink with one saddle
betweenthem, (3) a sink and a periodic orbit with two saddlesbetweenthem, (4) a sink and periodic orbit with one saddlebetweenthem and two orbits
betweenthe saddleand the sink, (5) a sink and periodic orbit with one saddlebetweenthem and two orbits betweenthe saddleand the periodic orbit, (6)
two periodic orbits with two saddlesbetweenthem,and (7) two periodic orbits with a saddlebetweenthem.The top row shows the original vector �elds,
while the bottomrow displaysthe vector �eld after cancellation.Notice that our cancellationoperationsareonly appliedto the intendedobjects.

which the�o w is modi�ed. Whencancellinganodeandsaddle
pair, the Conley index of such a block is (0;0;0), which is
the sameas a �x ed point-free vector �eld. For a sink and
periodicorbit pair, the Conley index is (0;0;1) which is that
of a source.Furthermore,pair cancellationdoesnot always
lead to simpler behaviors, suchas Figure 15 (5). Cancelling
a doubly-connectednode-saddlepair leadsto a periodicorbit.
In fact, the only othercasein which the �o w is not simpli�ed
throughpair cancellationis shown in Figure 15 (6), wherea
doubly-connectedperiodic orbit and saddlepair is replaced
by anothersuch pair. Both casesare direct cancellationsof
doubly-connectobjectpair. In all othercases,pair cancellation
leadsto simplerbut not necessarilytrivial �o w.

We now describeour framework for a single pair cancel-
lation that can now handle (1) periodic orbits, (2) doubly
connections,and (3) indirect cancellation.Given a repellerR
and an attractorA, our algorithm �rst searchesthe ECG to
�nd the smallestinterval that containsboth R and A. This is
achieved by �nding all the nodesin the ECG that can both
reachA andbe reachedfrom R. Thereare threepossibilities:
(1) R and A are directly related,(2) R and A are indirectly
linked througha set of saddlesSi 's, and (3) R and A are not
connected.Case(3) will be ignored.Notethat the�rst stageis
conductedpurely on the graphlevel. Let R = f Rg

S
f Sig and

A = f Ag
S

f Sig. Note when R and A are directly connected,
the set of f Sig is empty. It shouldalso be notedthat Kalies
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Fig. 17. An exampleshows the regionsobtainedfor cancellinga repellerR
andan attractorA pair. Our region growing �rst getsthe region by following
the �o w forward from R and the interval Si respectively to get UR, then
follows the �o w backward from A andthe interval Si respectively to getUA.
U = UR

T
UA is the region (the shadow region) in which we will perform

smoothing.

andBan [12] provide a dimensionindependentalgorithmfor
determiningintervals in a Morsedecomposition.

In thesecondstage,we considertheminimal setof triangles
in the domain that contain R . We then grow from these
trianglesby adding one triangle at a time acrossmixed or
exit edges.We now have a region UR that containsall the
trianglesreachablefrom any object in R . Then,we perform
region growing from the minimal setof trianglesthat contain
A by addingtrianglesacrossmixed or entranceedges.This
resultsin a region UA that consistsof trianglesthat canreach
any object in A . U = UR

T
UA is an isolating block that is

necessaryto performpair cancellation.
In the laststep,we replacethe �o w insideU by performing

constrainedoptimization (Section III-E). While this method
doesnot guaranteethatthe�o w will besimpler, in practicewe
have observed that it performswell. Note that othermethods
canalsobe usedto modify the �o w.

This framework is illustrated as Algorithm 1 with the
following pseudocode.

Algorithm 1: A general framework for pair cancellation
Input : A vector �eld V, its ECG, a repellerR andan attractorA
Output : The vector �eld V after cancellation

SearchECG for any intermediatenodesSi betweenR andA.
T+ = setof trianglescontainingeitherR or Si for somei.
Performregion growing from T+ accordingto V by addingtriangles

acrossexit or mixed edges.Let UR be the resultingsetof triangles.
T� = the setof trianglescontainingeitherA or Si for somei.

Performregion growing from T� accordingto � V by addingtriangles
acrossentranceor mixededges.Let UA be the resultingsetof triangles.

U = UR
T

UA(SeeFigure17)
Performvector�eld smoothingon theinteriorverticesof U accroding

to Equation(4). The resultingvector �eld is V.
ReturnV.

For any pair cancellationoperationrelying on the ECG,
it is possible that region growing from the repellers and
attractorscan “walk” over �x ed points, periodic orbits, and
separatricesthat are not intendedfor cancellation.Including
these triangles in the constrainedoptimization may cause
unwantedtopologicalmodi�cations (notethis will not happen
if one usesMCG to determinethe cancellation operation).
To addressthis issue,we tag all the triangles in the mesh
that containeithera �x ed point, or part of a periodicorbit or
separatrix.During the constructionof isolatingblocks,we do
not allow trianglesto be addedif they aretaggedandcontain
featuresnot intendedfor cancellation.

Fig. 18. User-guided �o w smoothingon CFD datasimulating in-cylinder
�o w throughagasengine:before(upper-left) andafter(upper-right). Compare
the ECG after smoothing(lower) with beforesmoothing(Figure14, lower).

Fig. 19. User-guided �o w smoothingon CFD datasimulating in-cylinder
�o w througha dieselengine:before(left) andafter (right).

B. User GuidedFlow Smoothing

In the proceedingsection,we have describedtechniques
that automaticallydeterminea region where the �o w needs
to be modi�ed. Sometimesit is desirableto provide a user
with control over the locationandshapeof the region. Zhang
et al. [6] describesuchan operationfor graphicsapplications
suchasnon-photorealisticrenderingandtexturesynthesis.We
apply their algorithm to large scaleCFD simulationdatasets.
In addition,unlike Zhanget al. who accepta topologicaldisk,
we now allow a region to have any numberof boundaries.
Figure18 shows the resultsof user-guided�o w smoothingon
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CFD simulationdataof in-cylinder �o w in a gasengine.The
�eld on the upper-right was obtainedby a sequenceof � ve
user-guided smoothingoperations(the actual region bound-
ariesarenot shown). Notice the �eld is considerablysimpler
thanthe original �eld (upper-left). The simpli�ed vector �eld
retainstheimportantlargerscaletumblemotioncharacteristics
while smoothingnon-idealbehavior. Also comparethe ECG
of the smoothed�eld (Figure 18, lower) with that of the
�eld beforesmoothing(Figure14, lower).Figure19 compares
the dieselenginedataset(left) with the one obtainedfrom a
seriesof six user-guidedsimpli�cation operations(right). Flow
smoothingis an ef�cient methodof reducingthe complexity
of a vector �eld.

VI I . TOPOLOGY-BASED STREAMLINE V ISUALIZATION

Visualization is crucial for the analysis and design of
vector �elds. Most existing visualizationtechniques,suchas
texture-andstreamlines-basedmethods,aredesignedfor �x ed
points.While they performwell for illustrating local patterns
suchas �x ed points,other features(separatricesandperiodic
orbits) are often not well-preserved. In Figure 20, a vector
�eld with three periodic orbits is depictedusing IBFV [17]
(a), and evenly-placedstreamlines[46] (b). Notice that it is
dif�cult to seeperiodic orbits and separatricesusing texture-
basedmethodssuchas IBFV. Streamline-basedmethodscan
better illustrate trajectories.However, most existing methods
such as Jobard and Lefer [46] and Verma et al. [47] do
not take into accountperiodic orbits or separatricesin seed
placementand streamlinetermination criteria. This causes
visualdiscontinuityin periodicorbitsandmissingseparatrices.

Several researchershave incorporatedvector �eld topology
into texture-basedmethods[48]. Most of the�gures in this pa-
per arecreatedin that fashion.On the otherhand,streamline-
basedmethods can better illustrate individual streamlines,
which makesit anattractive approachwheninteractive display
is not required.In this section,wedescribeamethodfor which
vector �eld topology is usedfor streamlineplacement.

We adapt the evenly-placedstreamlinemethodof Jobard
and Lefer [46] with the following modi�cations. First, we
extract periodicorbits andseparatricesin the vector �eld and
make themthe initial streamlines.To avoid visual clusterings
nearsources,sinks,andperiodicorbits,we terminatea separa-
trix if it is within a distancefrom thenon-saddleend.Next, we
addadditionalstreamlinesin the samemannerasJobardand
Lefer [46]. Thismodi�cation ensuresthatvector�eld topology
is maintainedin the visualizationand no visual discontinuity
for periodicorbits (Figure20, c). Finally, we highlight vector
�eld topology with colors (d) such that attracting periodic
orbits and outgoingseparatricesfrom saddlesare colored in
red while repelling periodic orbits and incoming separatrices
are colored in green.To avoid confusionsnear sourcesand
sinks,theonly �x edpointswe includein thevisualizationare
saddles,which arecoloredin blue.Figure7 shows additional
examples.Notice a periodic orbit on a 3D surface (middle-
left and middle right) is often partially visible from any
given viewpoint. They are dif�cult to discernwithout being
highlighted.

VI I I . CONCLUSION AND FUTURE WORK

In this paper, we have describeda vector�eld designsystem
in which �x ed points and periodic orbits can be created,
modi�ed, andremoved.At thecoreof our implementationare
resultsfrom Conley theory, which enablea uni�ed framework
for the ef�cient control of �x ed points and periodic orbits
through editing operationssuch as feature cancellation.To
our knowledge,this is the �rst vector�eld designsystemthat
addressesperiodic orbits. As part of the system,we provide
a novel techniquefor periodic orbit extraction by computing
the strongly-connectedcomponentsof the underlying mesh
accordingto the �o w and by extracting separationand at-
tachmentpoints. Furthermore,we de�ne a new graph-based
topological representationof a vector �eld, the ECG, and
proposeef�cient techniquesto constructthe ECG. We have
appliedour vector�eld analysisandsimpli�cation techniques
to an engineeringapplication:visualizing �o ws from engine
simulation.Both of our analysisandsimpli�cation techniques
can handle vector �elds on curved surfaces. Finally, we
augmentstreamline-basedvector�eld visualizationtechniques
by including vector �eld topology (separatricesand periodic
orbits) in the streamlinegenerationandby highlighting them.

Therearea numberof future directions.First, our periodic
orbit detection method dependson ef�cient extraction of
separationand attachmentpoints. While we have observed
in our experiments that these points tend to be close to
periodicorbits,a rigorousmathematicalstudyon thesubjectis
needed.Furthermore,othermethodsfor extractingseparation
and attachmentpoints, such as that of Peikert and Roth
[49], may lead to more numerically stable results.Second,
our current MCG and ECG constructionmethodsassume
closedsurfaces.We areinvestigatingmeansto extendthemto
handlesurfaceswith boundaries.Third, we plan to investigate
automatictechniquesfor vector �eld simpli�cation. Fourth,
we are exploring more intuitive illustration of the ECG's. In
particular, we plan to exploregraphandnetwork visualization
techniquesdevelopedby researchersin theInformationVisual-
izationcommunity. Fifth, morerigorousmathmaticalanalysis
and proofs needto be introducedto guaranteethe minimal
structure will be obtained after vector �eld simpli�cation.
Finally, we plan to studythe reconstructionof original vector
�eld from the obtained ECG/MCG graph, which can be
appliedto vector �eld compression.
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(a) (b) (c) (d)

Fig. 20. An exampleof our streamline-basedvisualizationtechniqueon the plane:(a) a texture-basedmethod(IBFV [17]), (b) a streamline-method[46],
(c) our streamlinemethodwhich usesvector �eld topology, (d) sameimagefrom (c) with periodicorbits andseparatricesbeinghighlighted.Notice with our
method(c andd), vector �eld topology is well-maintainedby streamlinesand they areeasilydiscernable.

APPENDIX

COMPUTATION OF CONLEY INDEX

Thetriangularmesh,which is theunderlyingdomainfor our
system,consistsof a collectionof vertices,V whoseelements
aredenotedby hvi i , edgesE, whoseelementsaredenotedby
hvi ;v j i , i 6= j, and trianglesT , whoseelementsare denoted
by hvi ;v j ;vki , i 6= j 6= k 6= i. Given a subsetX of the mesh,
let V (X), E(X), andT (X) denotethecollectionsof vertices,
edges,and triangleswhich arecontainedin X.

Let C0(X), C1(X), and C2(X) be the free abelian groups
on the setsV (X), E(X), andT (X), respectively [50] andset
C� 1(X) = 0. Recall,thatif (N;L) is anindex pair thenL � ¶N.
Since,N is given as the union of a set of triangles,V (L) �
V (N), E(L) � E(N), andT (L) = /0. Thus,thequotientgroups

Ci(N;L) := Ci(N)=Ci(L); i = � 1;0;1;2

are free abeliangroups.
Since V (N), E(N), and T (N) induce a basisfor C0(N),

C1(N), and C2(N), respectively, to de�ne group homomor-
phisms ¶i : Ci(N) ! Ci� 1(N), for i = 0;1;2, it suf�ces to
prescribethe action of ¶i on the individual vertices,edges,
and triangles.De�ne

¶0hv0i := 0 (9)

¶1hv0;v1i := hv1i � hv0i (10)

¶2hv0;v1;v2i := hv0;v1i � hv0;v2i + hv1;v2i (11)

The¶i arecalledboundaryoperators. Observe thatthey induce
boundaryoperatorson the quotient groups,¶i : Ci(N;L) !
Ci� 1(N;L).

Let Zi(N;L) := f x 2 Ci(N;L) j ¶ix = 0g and Bi(N;L) :=
¶i+ 1(Ci+ 1(N;L)) . It is straightforward to checkthat¶i� 1 � ¶i =
0, henceBi(N;L) � Zi(N;L). Therelativehomology of thepair
(N;L) are the quotientgroups

Hi(N;L) := Zi(N;L)=Bi(N;L) i = 0;1;2:

Becausewe assumethat the original triangular mesh is a
closedorientablesurfaceembeddedin R3, the relative homol-
ogy groupsare free groups,that is

Hi(N;L) = Zb
i

whereZ are the integersand bi is a non-negative integer. bi
is called the i-th Betti number. Pleaserefer to [35] for more
detailsaboutBetti numbersandhomology.
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