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Vector Field Editing and PeriodicOrbit Extraction
Using Morse Decomposition

GuoningChen, KonstantinMischaikow, RobertS. LarameeMember|EEE, Pawe Pilarczyk, and
EugeneZhang,Membey IEEE,

Abstract—Design and control of vector elds is critical for
many visualization and graphics tasks suchasvector eld visual-
ization, uid simulation, and texture synthesis.The fundamental
qualitative structures associated with vector elds are xed
points, periodic orbits, and separatrices.In this paper we provide
a new technique that allows for the systematic creation and
cancellation of xed points and periodic orbits. This technique
enablesvector eld designand editing on the plane and surfaces
with desired qualitati ve properties.

The technique is based on Conley theory which provides a
uni ed framework that supports the cancellation of xed points
and periodic orbits. We also intr oduce a novel periodic orbit
extraction and visualization algorithm that detects,for the rst
time, periodic orbits on surfaces. Furthermore, we describe
the application of our periodic orbit detection and vector eld
simpli cation algorithm to enginesimulation data demonstrating
the utility of the approach.

We apply our design system to vector eld visualization
by creating datasets containing periodic orbits. This helps us
understand the effectivenessof existing visualization techniques.
Finally, we proposea new streamline-basedechniquethat allows
vector eld topology to be easily identi ed.

Index Terms—Vector eld design, vector eld visualization,
vector eld topology, vector eld simpli cation, Morse decompo-
sition, Conley index, periodic orbit detection, connectiongraphs.

I. INTRODUCTION

ECTOR elds arise as modelsin almostall scientic

and engineeringende&ors which involve systemsthat
changecontinuously In the caseof two-dimensionakystems
that can be modelled by vector elds de ned on surfaces,
visualizationcan play an importantrole in understandinghe
essentialfeaturesin the system.This is also true for two-
dimensionalvector elds that are linked to potentially noisy
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data,such as a velocity eld extractedfrom experimentsor

numericalsimulationsof uids. In both casesthereare occa-
sionsin which one wishesto simplify the dynamicstructure
in a coherentadmissiblemanner[1]. This latter steprequires
the ability to edit the underlying vector eld. Furthermore,
there are problemswhere the constructionand modi cation

of avector eld represents preliminarysteptowardsa larger

goal suchastexture synthesig2], [3], [4] and uid simulation
for specialeffects[5].

Thereis substantialiterature on the subjectof vector eld
topologyextractionandsimpli cation, with considerabldéocus
on the identi cation and manipulationof xed points (see[6]
andreferencesherein).On the otherhand,periodic orbits are
essentiabktructureof non-gradientvector elds, suchasthose
in electromagnetisntghemicalreactions,uid dynamicsjoco-
motion control, populationmodelling, and economics.There
is a fundamentaheedto be ableto incorporatetheminto the
subjectof vector eld visualizationand design.For example,
Figure 1 shawvs the swirl motion of uid in a comhustion
chamberusing simulation[7]. Periodicorbits appealin some
planar slices along the main axis of the chamber(middle)
aswell asthe boundarygeometry(Figure 2). The existence
and locationsof the periodic orbits provide cluesto the swirl
motion inside the chamber Ef cient periodic orbit detection
andvector eld visualizationcanhelp designengineersdetter
understandhow the shapeof the chamberandthe initial speed
of the uid throughthe intake portsimpactengineef ciency.

Many of the aforementionedapplicationsinvolve systems
of nonlinearordinarydifferentialequationsfor which explicit
analyticsolutionsdo not exist. Thelack of analyticexpressions
led to the developmentof the subjectof dynamicalsystems
where the focus is on the qualitatve structureof solutions.
In the caseof two-dimensionalvector elds, the classical
theoreticaldescriptionof the dynamicsis basedon identifying
fundamentatopologicalandgeometricstructuresuchas x ed
points,periodicorbits, separatricesandtheir relationshipg8],
[9]. However, in practicethereare at leasttwo essentialdif-
culties with this approach First, unambiguouslyidentifying
all the topologicalstructuresfor a vector eld is impossible.
Second,the existence of noise reducesthe importance of
objectssuchas x ed points and periodic orbits.

In this paper we develop a vector eld visualizationand
designsystenthatextractsandvisualizesboundary o w topol-
ogy. This includesanalyzingand modifying the vector eld.
The systembuilds on the ideaspresentedy Zhanget al. [6],
andit providesthe userwith a variety of capabilitiesin that
x edpoints,periodicorbits,andseparatricesanbeidenti ed.
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Fig. 1.

Visualizing the simulationof ow in a diesel engine:the comhustion chamber(leftmost) and four planar slices of the o w inside the chamber

for which the plane normalsare along the main axis of the chamber From left to right are slices cut at 10%, 25%, 50%, and 75% of the length of the
cylinder from the top wherethe intake ports meetthe chamber The vector elds are de ned as zeroson the boundaryof the geometry(no-slip condition).
The automaticextraction andvisualizationof o w topology allows the engineerto gain insightinto wherethe ideal patternof swirl motion is realizedinside
the comtustion chamber In fact, the behaior of the ow and its associatedopology including periodic orbits, is much more complicatedthan the ideal.
Figure 2 provides complementaryisualizationof the o w on the boundaryof the dieselengine.

Furthermore, x ed points and periodic orbits can be created
and removed subjectto inherenttopological constraints.To
addresghe additionalcompl«ity dealingwith periodicorbits,
we male thefollowing contrikutionsin the presentedesearch:

1) We provide ageneraframavork andef cient algorithms
that allow topologicalsimpli cation on arbitrary vector
elds de ned on surfaces(SectionVI). Our framework
is basedon Conley theory which is a well-known theory
in non-linear dynamicsdating backthe early 1970' (a
brief introduction is available in SectionIl). To our
knowledge, previous work including Zhang et al. [6]
does not addresssimpli cation that involve periodic
orbits. In addition, most of the existing simpli cation
algorithmsrequireplanarvector elds.

We describea novel graph-basedepresentatiorof a
vector eld basedon Morse decompositionwhich we
referto asMorseConnectiorGraphs(MCG). Thisgraph
containssupplementarynformation with respectto the
well-known vector eld skeletonin that it addresses
periodic orbits. We also provide an algorithm to ef-
ciently computeMCG aswell astheir re nement(Entity
ConnectionGraphics or ECG) (SectionV-B).

Our systemallows a userto createperiodic orbits on
surfaces(SectionlV). To do so, we combinethe ideas
of basisvector elds andconstraintoptimization.To our
knowledge,thisis the rst time a periodicorbit creation
algorithmis proposedand implemented.

As part of MCG and ECG construction,we present
a novel and practical algorithm for periodic orbit ex-
traction without rst having to compute separatrices
(SectionV-A). Our methodis basedon the topological
and geometricanalysisof a vector eld, andit enables
extraction of periodic orbits—e/en those that are not
accessiblevia x ed points.

Theutility of ourtopologicalanalysisjncludingperiodic
orbit detectionandvector eld simpli cation, is demon-
stratedin the context of a novel application,namely the
visualizationof in-cylinder o w from automotve engine
simulationdata(SectionsV andVI). Our algorithmfor
periodicorbit detectiorandECG constructioronly takes
less than a minute on one such datasetwith nearly
900, 000 triangles.

6) We proposean enhancedstreamline-basednethod in

2)

3)

4)

5)

Fig. 2. The visualizationof CFD datasimulatingin-cylinder o w through
a diesel enginefrom two viewpoints. Comparethem to the idealized ow
shown in Figure 13 (left). Figure 1 provides complementaryisualizationof
the ow inside the diesel engine.Both the texture and the topology-based
visualizationsindicatea nice patternof swirl motion at the boundaryof the
comhustion chamberwhile the regions nearthe intake ports reveal deviation
from the ideal.
which periodic orbits and separatricesare highlighted
(SectionVIl). This is particularly desirablefor vector
elds on surfacessinceonly portionsof a periodicorbit
may be visible for ary given viewpoint (Figure 7).
Becausef the essentiamathematicatlif culties mentioned
earlier our numericalmethodsdo not focusdirectly on x ed
points, periodic orbits, and separatricesRather we employ
techniqueshasedon Conley's purely topologicalapproachto
dynamical systems[10]. Broadly speaking,our approachis
basedon threesteps.The rst is to identify regionson which
the dynamicsexhibits recurrentbehaior, i.e. x ed pointsand
periodicorbits, and/orgradient-lile behaior, i.e. separatrices.
This involves the constructionof Morse decompositionsA
theoretical computationalfoundation for the types of algo-
rithms we emplgy canbe foundin [11], [12]. The secondis
to identify the type of dynamicsoccuringin theseregions,i.e.
the existenceof x ed points, periodicorbits, and separatrices.
This is doneusingnumericalmethodsandthe Conley index. It
shouldbe notedthatthe Conley index not only generalizeshe
Poincag index asit appliesto x edpoints,but it alsoprovides
informationaboutthe existenceof periodicorbits. Finally, the
vector eld is modi ed in theidenti ed regionsto producethe
desireddynamics.
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The rest of the paperis organizedas follows: Sectionl|
provides a brief review of related work on topology-based
vector eld visualization. Section 1l reviews related work
and introduces Conley theory Section IV introduces our
methodfor creatingperiodic orbits on the planeand surfaces.
SectionV describesour periodic orbit detectiontechnique
and provides an algorithm for the constructionof the MCG
and ECG of a vector eld. A generalframeavork for various
cancellingoperationss presentedn SectionVI. SectionVI|
provides detailson our enhancedtreamlinebased o w visu-
alizationtechniquefollowed by a discussiorof possiblefuture
work in SectionVIII.

Il. RELATED WORK

Vector eld visualization,analysis,simpli cation, and de-
sign have receved much attention from the Visualization
community over the pasttwenty years.Much excellentwork
exists, andto review it all is beyond the scopeof this paper
Here, we only refer to the most relevant work. Interested
readerscan nd acompletesuney in [13], [14], [15].

A. Vector Field Design

There has been some work in creating vector elds on
the plane and surfaces, most of which is for graphicsap-
plications such as texture synthesis[2], [3], [4] and uid
simulation [5]. These methodsdo not addressvector eld
topology suchas x ed points. There are a few vector eld
designsystemgthat make use of topologicalinformation. For
instance, Rockwood and Bundervala [16] use ideas from
geometricalgebrato createvector elds with desired x ed
points. Van Wijk [17] developsa vector eld designsystem
to demonstratehis image-basedo w visualizationtechnique
(IBFV). Thebasicideaof this systemis the useof basisvector
elds that correspondto varioustypesof x ed points. This
systemis later extendedto surfaces[18], [19]. None of these
methodsprovide explicit control over the numberandlocation
of x ed points since unspeci ed x ed points may appear
Theisel[20] proposesa planarvector eld designsystemin
which the user has completecontrol over x ed points and
separatricesHowever, this requiresthe userto provide the
completetopolagical skeletonof the vector eld, which can
be laborintensve. Recently Zhanget al. [6] develop a design
systemfor both planar domainsand surfaces. This system
providesexplicit control over the numberandlocationof x ed
points through xed point pair cancellation and movement
operations.Our work is inspired by their system.However,
we enableautomaticextraction and visualizationof periodic
orbits on surfaces.We also introducetopology simpli cation
operationgor periodicorbits. Therehasalsobeenrecentwork
by Weinkaufet al. [21] on the designof 3D vector elds.

B. \Vector Field Topolagy and Analysis

HelmanandHesselink[22] introducevector eld topology
for the visualizationof vector elds. They also proposeef-
cient algorithmsto extract vector eld topology Following
their footsteps,much researchhas been conductedin topo-
logical analysisof vector elds. For example, Scheuermann
et al. [23] use clifford algebrato study the non-linear x ed

points of a vector eld and proposean ef cient algorithm
to meige nearby rst-order x ed points. Tricoche et al. [1]
and Polthier and Prew [24] give ef cient methodsto locate
x ed pointsin avector eld. WischgollandScheuerman{5]
develop a methodto extract closedstreamlinesn a 2D vector
eld de ned on a triangle mesh.Note that closedstreamlines
arein fact attractingand repelling periodic orbits. Theisel et
al. [26] proposea mesh-independergeriodic orbit detection
methodfor planardomains.In contrastto theseapproaches,
our automatic detection algorithm is extendedto surfaces.
Furthermorethisis the rst time periodicorbit extractionand
visualizationhasfound utility in a real application.

C. \ector Field Simpli cation

Vector eld simpli cation refersto reducingthe comple-
ity of a vector eld. There are two classesof simpli-
cation techniques:topology-basedTB), and non-topology-
based(NTB) [6]. Existing NTB techniquesare usually based
on performing Laplacian smoothing on the potential of a
vector eld insidethe speci ed region. One exampleof these
work is by Tong et al. [27], who decomposea vector eld
usingHodge-decompositioandthensmootheach-component
independenthjbeforesummingthem.

TB techniquessimplify the topology of a vector eld
explicitly. Tricocheet al. [1] simplify a planarvector eld by
performinga sequencef cancellingoperationson x ed point
pairs that are connectedby a separatrix.They refer to this
operationaspair annihilation A similar operationnamedpair
cancellation hasbeenusedto remose a wedgeand trisector
pairin atensoreld [28]. Edelsbrunneetal. [29] performpair
cancellationon scalar elds de ned on surfacesby changing
the valuesof the scalarfunctionnearthe x ed point pair. This
is equivalent to simplifying the gradientvector eld of the
scalarfunction. We will follow this corvention and refer to
suchan operationas x ed point pair cancellation.Zhang et
al. [6] provide a x ed point pair cancellationmethodbased
on Conley theory They alsoextendthis operationto surfaces
andto x edpoint pairsthatarenot connectedy a separatrix,
suchas a centerand saddlepair. In this paper we describe
a more generalframeavork for cancellingobjectpairssuchas
x ed points and periodic orbits (SectionVI).

I1l. BACKGROUND ON VECTOR FIELDS

Our control of vector elds on surfacesis done using
conceptsfrom the topological theory of dynamicalsystems.
Considera manifold M anda subsetX M. The boundaryof
X is denotedby X andclosureby cl(X).

Mathematically a vector eld can be expressedin terms
of a differential equationx = V(X). The set of solutionsto
it givesrise to a ow on M; that is a continuousfunction

j R M! M satisfyingj (0;x) = x, for all x2 M, and
jtj(sx)=j(t+sX) 1
for all x2 M andt;s2 R. Givenx2 M, its trajectoryis
J (Ry¥) = [ t2r) (;X): (2)

S Mis aninvariant setif j (t;S = Sfor all t 2 R. Obsere
that for every x 2 M, its trajectoryis an invariant set. Other
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Fig. 3. An examplevector eld (upperleft) andits ECG (lower left). The
vector eld containsa source(green),threesinks (red), threesaddlegblue),
a repelling periodic orbit (green),and two attracting periodic orbits (red).
Separatricethatconnecia saddleto arepeller(a sourceor a periodicorbit) are
coloredin green,andto an attractor(a sink or a periodicorbit) arecoloredin
red. The x edpointsandperiodicorbits arethe nodesin the ECG (lower left)
andseparatricearethe edges.n addition,a periodic orbit canbe connected
directly to a source sink, or anotherperiodicorbit. Suchconnectionsarealso
depictedasedgesin the ECG.Thesimplied eld of (upperleft) is shavn in
(upperright) andits correspondind=CG is (lower right). Notice the Conley
index for both vector elds insidethe white loop are the same which allows
the vector eld in theleft to be simpli ed into the one shavn in the right.

simple examplesof invariant setsinclude the following. A
pointx2 M is a xed pointif j (t;X) = x for all t 2 R. More
generally x is a periodic point if there exists T > 0 such
thatj (T;X) = x. The trajectoryof a periodic point is calleda
periodic orbit.

Considerationof the important qualitatve structuresas-
sociatedwith vector elds on a surface requiresfamiliarity

with hyperbolic x ed points, periodic orbits and separatrices.

Let xg be a x ed point of a vector eld x= V(X); that
is V(Xp) = 0. The linearizationof V about Xg, resultsin a
2 2 matrix Df(xg) which has two (potentially comple)
eigevaluessi1+im ands,+ im. If s16 06 sy, thenxg is
calleda hyperbolic xed point Obsene thaton a surfacethere
are three types of hyperbolic x ed points: sinks s1;s2 < 0,
saddless; < 0< sy, andsourcesO0< si;S,. Becausewe are
consideringsystemawith invariantsetssuchasperiodicorbits,
the de nition of thelimit of a solutionwith respecto time is
non-trivial. The alpha and omea limit setsof x2 M are

a(x) =\ tcocl (( ¥:1);%));  w(x¥) :=\ t>0Cl(j ((t;¥);))

respectrely. A periodic orbit G is attracting if there exists
e> 0 suchthatfor every x which lies within a distancee of
G w(x) = G A repellingperiodicorbit canbesimilarly de ned
(a(x) = Q). Finally, given a point xo 2 M, its trajectoryis a
sepaatrix if the pair of limit sets(a(x);w(x)) consistof a
saddle x ed point and anotherobjectthat can be a source,a
sink, or a periodicorbit. Figure 3 providesan examplevector
eld (upperleft). Fixed pointsare highlightedby coloreddots
(sources:green; sinks: red; saddles:blue). Periodic orbits
are colored in greenif repelling and in red if attracting.
Separatriceshat terminatein a sourceor a repelling periodic
orbit are shavn in greenand thoseterminatein a sink or an
attractingperiodic orbit are coloredin red. For corvenience,
we will referto a sourceanda sink asa nodein the remainder

ECG MCG

Fig. 4. This example shavs the differencebetweenECG and MCG for a
piecevise linear vector eld createdusing our tool. The vector eld shown
in the left containsone x ed point and three periodic orbits. Therefore,the
ECG consistsof four nodes(middle). However, due to the resolution of
the underlying mesh,there are only two Morse sets(colored regions) with
one containingthe x ed point and the other containingthe periodic orbits.
Consequentlythereare two nodesin the MCG (right).

of the paperwhereser appropriate.

Even for o ws restrictedto surfaces,invariant setscan be
extremely complicatedand cannotbe assumedo consistof
hyperbolic x ed points, periodic orbits and separatrice$30].
Furthermore,even if the recurrentdynamicsis restrictedto
x ed points and periodic orbits, it is impossibleto develop
an algorithm that will identify all of them. For example,
it is easyto generatecontinuousvector elds that contain
in nitely mary isolated x ed points and/or periodic orbits.
Even for continuouspiecevise linear vector elds, it is not
clear whether in nitely mary isolated periodic orbits may
exist. Furtherinvestigationis requiredto answerthis question.
Thus we require a languagethat allows us to manipulatea
broaderbut useful classof invariantsets.

A. Morse Decompositiorand ConnectionGraphs

A compactset N M is an isolating neighborhoodif
for all x2 TN, j (R;x) 6 N. That is, the ow entersor
leaves N eventually everywhereon fN. An invariant set S
is isolatedif there exists an isolating neighborhoodN such
that S is the maximal invariant set containedin N. Obsere
that hyperbolic x ed points and periodic orbits are examples
of isolated invariant sets. Isolated invariant sets possestwo
essentialproperties.First, there are efcient algorithms for
identifying isolating neighborhood$11]. Second thereexists
anindex, calledthe Conley index [31], thatidenti es thetypes
of modi cations to the structureof the invariant set that are
topologically permissible.For example,the Conley index of
thevector eld shavn in Figure3 (upperleft) insidethe white
loop is identical to that of a sink. Topological simpli cation
of the complex eld inside the region canresultin the eld
shown in the right.

Centralto our effort is the needfor a computationallyro-
bust decompositiorof invariantsets.A Morse decomposition
M (), of S consistsof a nite collectionof isolatedinvariant
subsetof S called Morse sets

M(S:=fM(pjp2Pg 3)

such that if x 2 S then there exists p;q2 P such that
a(x) M(q) andw(x) M(p). Furthermore there exists a
partial order > on P satisfyingq> p if thereexistsx2 S
suchthat a(x) M(q) and w(x) M(p). Let C(p;q) :=

fx2Mja(x) M(p)andw(x) M(qg)g. An efcient means
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of presentingthe partial order on a Morse decomposition
is given by the associatedMorse ConnectionGraph (MCG)

which is the minimal directed graph whose vertices consist
of the Morsesetsf M(p) j p2 P g andwhosedirectededges
M(q) ! M(p) imply gq> p. Figure 3 (lowerleft) shavs an

MCG of the vector eld in the upperleft. Here P is the

set of labels (R1 and R2, S1-S3, and A1-A5), and M(p) is

the actual object that p representsj.e., M(R1) is a source.
Note that a MCG containssupplementaryinformation with

respecto the topologicalskeletonpresentedy Helmannand
Hesselink[22]. For example,considerthe idealizedmagnetic
eld over the Earth's surfacein which only two x ed points
exist and none of the connectingorbits betweenthem is a

separatrix.Similarly, a periodic orbit can be connectedo a

source (Figure 7, left) or anotherperiodic orbit (Figure 7,

middle) without ary separatricesn the eld.

Computinga Morsedecompositiorandits associatedMCG
can be done as follows. Let T denotea triangulation of
the phasespace.An edgein this triangulationis classi ed
as a transvese edge if the ow leaves one of incident
trianglescompletely(a one-way road). Otherwise the edgeis
nontransvese (two-way). Constructequivalenceclasseoon T
usingthe following relationshipandtransitiity. Two triangles
Tp; Ta2 T areequialentif To\ T; consistsof a nontranserse
edge. Taking the union of all trianglesin an equialence
classproducesa polygonalregion, who boundaryconsistsof
trans\erseedgesonly. Let R denotethe resulting collection
of polygons which tile the phasespace.De ne a directed
graph whose vertices consist of the polygonsin R. Given
Ro;R1 2 R, thereexists an edgefrom Ry to Ry if andonly if
Ro\ R; containsan edgeandthe vector eld pointsfrom Ry
to R; alongthe edge.Finally, x atolerancee> 0 (to avoid
missing x ed points during extraction) and if there exists a
point in Ry at which kvk e theninclude an edgefrom Ry
to itself. It is provenin [11] that the maximal invariant sets
within the stronglyconnectegathcomponentsf this directed
graph producea Morse decompositionfor the vector eld
andfurthermore the MCG canbe obtainedfrom the treethat
resultsfrom the collapsingeachstronglyconnectedcomponent
to a single vertex. Standardalgorithms[32] indicatethat this
procedurecan be performedin linear time in the numberof
verticesandedgesin the graph.An implementatiorof Morse
decompositiorin practicecanbe foundin [12].

A nodein the MCG is an isolated invariant set, which
may contain multiple x ed points and periodic orbits. For
mary engineeringpplicationssuchasthe studyof in-cylinder
o w, engineersareoftenmoreconcernedvith individual x ed
points and periodic orbits. Therefore thereis a needto build
a graph G, whosenodesconsistof x ed points and periodic
orbits. Similar to an MCG, the edgesin G representshe
connectvity information betweenthe nodesaccordingto the
vector eld. We refer to this graphas an Entity Connection
Graph or ECG. An ECGis a re nementof the MCG of the
samevector eld. In fact,an MCG can be obtainedfrom the
correspondingeCG by meiging nodesthat are in the same
Morse set. Furthermorethe MCG is equalto the ECG when
thevector eld hasa nite numberof x edpointsandperiodic
orbits, all of which have an isolating neighborhoodof their

own. Fig. 4 shawvs the differencebetweenthe MCG andECG
of a piecavise linear vector eld createdwith our system.In
the remainderof the paper we will only shav the ECG's for
illustration purposes.

Giventhatthe ECGis are nementof the MCG, thereader
may wonderwhy we emphasizehe existenceof both graphs.
There are two reasons.The rst is that we make use of
informationfrom the MCG to computethe ECG. The second
hasto do with the validity of the information. Any numerical
or experimental method is subjectto errors and thus one
must be concernedwith whethertheseerrors are signi cant
enoughto producemisleadinginformation. In the domain of
numericalanalysisthe existenceof spurioussolutionswould
be an example of such misleadinginformation. A rigorous
analysisof the validity of the methodsbeing presentechere
is beyond the scopeof this paper however we believe that
asa basisfor future researcht is importantto point out that
the topologicalmethodsof Conley theory have beenusedto
obtain computerassistedput mathematicallyrigorous proofs
concerninghe structureof a wide variety nonlineardynamical
systemg33], [34]. Thus,ourcon dencelevel in the validity of
the visualizedstructuresand modi cations is higherfor those
objectsidenti ed with the MCG thanthe ECG. Note that the
ECG graphwill not be completewithout boundaryanalysis.

B. Vector Field Simpli cation on Surfaces

Vector eld simpli cation correspondso a reductionin the
numberof Morsesetsin the decompositior(comparethe two
elds in Figure 3). Vector eld modi cation correspondgo
a changein the dynamicswithin an isolating neighborhood
of a Morse set. To foreshadw the discussionof SectionVI
andto understandhe potentialvector eld simpli cation that
could possibly be associatedvith such a reductionrequires
the introductionof a topologicalinvariant,the Conley index.

While the Conley index is applicablein the setting of a
general dynamical system,we restrict our attentionto the
settingof o ws on surfaces.An isolating neighborhoodN is
an isolating blod if there exists e > 0 such that for every
x2 TN, we have

J( 0;X)\N=0 or j(((0;e);x)\ N=0

In other words, the trajectory entersN, leaves N, or both
immediatelyeverywhereon N. The exit setof an isolating
blockNisL:=fx2 INjj ((0;€);X)\ N= 0g. Thepair(N;L)
is calledanindex pair. In [11] it is proventhatthe setsin phase
spacewhich correspondo the stronglyconnectedcomponents
areisolating blocksfor the ow j associatedvith the vector
eld V.

Let S be the maximal invariant set in the isolating block
N with exit set L. The Conley index of S is the relative
homology [35] of the index pair (N;L); thatis, CH (9 :=
H (N;L) (seeAppendix for more details). Becausewe are
restrictingour attentionto o ws on orientablesurfaces,it is
sufcient to remarkthatwe canwrite CH (S) = (bo; b1; b2) 2
Z3 where b; representshe i-th Betti numberof H (N;L).
It should be remarled that algorithms for computing Betti
numbersexist [35] and thus we neednot concernourseles
with theseissues.
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C. ImportantConley Indices

Returningto the topic of design,the mostimportantConley
indicesare asfollows:

Xo an attracting x ed point
Xo a saddle x ed point

) CH (x0) = (1;,0;0)
)
Xo arepelling x ed point )
)
)
)

CH (x0) = (0;1;0)

CH (%) = (0;0;1)
G an attractingperiodic orbit CH (G = (1,1,0)
G a repelling periodic orbit CH (G = (0;1;2)
S=0 CH (9 = (0;0;0)

Obsenre that the emptysetis by de nition an isolated
invariant set. (0;0;0) representsthe index information for
a region in which every point leaves in both forward and
backwardtime. It shouldbe notedthatthe reverseimplications
arenot true. For example,given a polygonalindex pair (N;L)
for a vector eld V, if H (N;L) = (0;0;0), then one cannot
concludethat the maximal invariant setin cl(NnL) is the
empty set. However, it can be proven that there doesexist a
differentvector eld V suchthatV =V on f(cl(NnL)) andthe
empty setis the maximalinvariantsetin cl(NnL) underthe
ow inducedby V. Note the Poincaé index for an attracting
x ed point is the sameas a repelling one. Furthermore the
Poincaé index for a periodic orbit is zero,which equalsthat
of an emptyset.Therefore,Poincaé index theory does not
provide enoughutility to handleperiodic orbits, thus limiting
its potentialuses.

To make it clear how the Conley index information can
be usedin the vector eld design process,let us review
our stratgy. The rst stepis the identi cation of a Morse
decompositiorfor the entire o w. Giventhe associatedMCG,
the useridenti es aninterval that containsthe elementsvhich
areto be eliminated.Theinterval de nes anisolatedinvariant

set for which an appropriateisolating block is constructed.

The Conley index is then computed.This index information
providesatopologicalconstrainton the possiblesimpli cation
or modi cation of the vector eld within the isolating block.
For example,if the Conley index doesnot equal(0;0; 0), then
ary modi cation will resultin the existenceof a nontrial
invariantset.To provide aneven morespeci ¢ example,if the
Conley index is that of a x ed point, then ary modi cation
of the dynamicson the region will resultin a vector eld
that possesat leastone x ed point. Furtherexampleswill be
provided in SectionVI.

D. \ector Field Repesentation

We now describethe computationalmodel of our system.
In this model,the underlyingdomainis representetby a trian-
gularmesh.Vectorvaluesarede ned at the verticesonly, and
interpolationis usedto obtainvalueson the edgesand inside
triangles. This appliesto vector eld editing, simpli cation,
andanalysissuchas x ed point and periodic orbit extraction.

For the planar case,we use the popular piecavise linear
interpolationmethod[1]. On curved surfaces,we borrowv the
interpolationschemenf Zhangetal. [6], which guaranteesec-
tor eld continuity acrossthe verticesand edgesof the mesh.
Theseinterpolation schemessupportefcient ow analysis
operationson both planesand surfaces.

E. Constained Optimization

Oneof the essentiabperationdn our systemis constrained
optimization,which refersto solving a vectorvalueddiscrete
Laplacianequationover aregion N in the domain(a triangular
mesh)wherethe vector valuesat the boundaryverticesof N
are the constraints.This operationis usedto createperiodic
orbits (SectionlV) andto perform topological simpli cation
(SectionVI). The equationhasthe following form:

V(i) = § wjV(v))
j23

wherev; is an interior verte, vi's are the adjacentvertices
that are eitherin the interior or on the boundaryof N, andV

representshe vector eld. The weightsw;;'s are determined
using Floaters mean-@alue coordinateg36]. Equation4 is a
sparselinear system,which we solve by using a conjugate
gradientmethod[37]. For corveniencewe referto a vertex v

asbeing xed if thevectorvalueatv is partof the constraints.
Otherwise\v is free Note that a similar formulationhasbeen
usedto reducethe compleity of vector elds [6] andtensor
elds [38].

(4)

1V. PERIODIC ORBIT CREATION

In this section,we describenovel algorithmsfor creating
periodic orbits in the planeand on surfaces.The input to our
algorithmsconsistsof the desiredtype of the orbit (attracting
or repelling)anda prescribedpath,which is an orientedloop.
Figure 5 shavs an example path (left: blue loop). We then
generatea sequenceof evenly-spacedsamplepoints on the
loop (middle: green dots) and treat the tangentvectors at
thesepoints as constraintymiddle: magentaarrons). Finally,
we producea vector eld with a periodic orbit that closely
matchesthe userinput (right: red dashedlines). We usethe
dashedines to representhe continuousperiodic orbit so that
it canbe visually comparedwith the userspeci ed path.Next,
we describetwo ways of creatinga vector eld basedon the
constraintsbasisvector elds and constrainecptimization.

A. Attracting and RepellingBasis \ector Fields

An intuitive way to build a vector eld that satis es the
constraintsis to use basis vector elds [2] [17]. In this
approach,every userspeci ed constraintis usedto createa
basisvector eld de ned in the plane.A vector eld is then
constructedas a weighted sum of thesebasisvector elds
[L711er V(P) = & w(P)(P) 5)
where P is ary position in the vector eld, Vi(P) is the ith
basisvector eld, thatrefersto eithera singularor a regular
designelement[6], and w;(P) is the weight for the it" basis
vector eld. In our implementationwe use wi(P) = &P RK*
for theith basisvector eld, whereR is the centerposition of
theit" basisvector eld.

This ideahasbeenappliedto creatingwind forcesto guide
computeranimation[39], to testinga vector eld visualiza-
tion technique[17], and to generatingvector elds for non-
photorealisticrenderingand texture synthesig6].

In theory ary vector eld canbe createdby using regular
elementsln practice,however, it often requiresan excessie
number of regular elementsto generatecertain vector eld
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Fig. 5. Given an orientedloop (left), our systemproducesa sequencenf
samplepoints (middle: dots) and evaluatestangentvectorsat thoselocations
(middle: arrowns). We then computea vector eld that containsa periodic
orbit (right: red dashedines) by generatingconstraintsbasedon thesevector
values.Notice that the periodic orbit matchesclosely the userspeci ed loop.

features.For example, at least three regular elementsare
neededo specifya sourceor a center To producea periodic
orbit, regular elementsmust be speci ed not only along the
prescribedpath, but also near the orbit in order to enforce
the type of the orbit (attractingor repelling). Given that the
cost of summing basis vector elds is proportionalto the
numberof designelementswe wish to reducethe number
of basisvector elds while maintainingefcient control. This
is achieved with the introductionof two new typesof design
elementsattachmentelementsand sepaation elements

Before describing these elements,we briey review the
conceptsof attachmentand separationpoints from Ken-
wright [40]. Given a vector eld V and a point pg in the
plane,we considerthefollowing two values:e; uande, u,
whereu is the vectorvalue at pg ande; ande, arethe major
and minor eigervectorsof the Jacobianpg is an attachment
pointif & u= 0, anda sepaation pointif &2 u= 0. An
attachmentine consistsof attachmentpoints. Geometrically
such a line attract nearby ow. A separationline can be
de ned in a similar fashionexceptthatnearby o w is repelled
from the curve. Ideally, an attachmentlementwill resultin a
basisvector eld that has an attachmentline as illustrated
in Figure 6 (middle). The following formula describesan
attachmentelementthat has a desiredvector value of (1;0)
at (Xo;Yo)- 1

V(xy) = B(xY) vo) (6)

whereB(x;y) = e (X (¥ 0% jsthe blendingfunction for
the elementandc < 0 is a parametethat describeghe speed
at which the ow leaves the line y = yg. The larger j¢j is,
the more quickly the vectorsnearthe attachmentine point
towardsit. Notice the basis eld containsan attachmentine
aty= yo. Formula6 canalsobe usedto specify a separation
element(c> 0) andaregularelement(c= 0). Whenthevector
valueis (cosqo;singp) for someconstantqp, the formula has

the following form:
COSQo singo ) @)

V(va) - B(X!y)( Sinqo Cosq()
whereP(x;y) = singo(X Xo)+ cosqo(y Vo) is the signed
distanceof a point (x;y) to the line that is specied by
the location and direction of the design element.Figure 6
comparestwo basis vector elds generatedfrom a regular
element(left) and an attachmenelement(middle). The right
image shavs an attracting periodic orbit createdfrom four
attachmenelementsThe ideasof attachmeniand separation
will be usedagain in our periodic orbit extraction algorithm
(SectionV-A).

+ cP(x;y)

Fig. 6. This gure compareghebasisvector eld correspondingdo aregular
element(left) and an attachmentlement(middle). The periodic orbit in the
right was createdby using four attachmenelements.

Fig. 7. Examplevector elds createdusing our designsystem.

Vector eld designusingbasisvector elds is intuitive and
generatessmoothresults.However, the cost associatedwith
this approachis proportionalto the numberof basisvector
elds. To specify a relative large periodic orbit with high
cunvatureoften requireshundredsof attachmenbr separation
elementswhich makesinteractve designa dif cult task.The
problemis magni ed on surfaceson 3D asevery basisvector
eld requiresa global surfaceparameterizatiothatis speci c
to the underlyingdesignelement[6]. Constructinghundreds
of surface parameterizationsnakes it impractical to create
a periodic orbit interactvely. Next, we describea different
stratgy thatis basedon constrainecbptimization.

B. Constained Optimizationfor Periodic Orbit Creation

Given a userspeci ed oriented loop g and the desired
type of the periodic orbit, our systemperformsthe following
operationdo createa periodicorbit closelymatchingtheinput.

First, we identify a region Rg, which is a set of triangles
that encloseg. Next, we assignvector valuesto the vertices
of Ry accordingto the desiredtype, path, and orientationof
the periodic orbit. Finally, our systemperformsa constrained
optimizationto computevectorvaluesfor verticesoutsideRy,
i.e.,thefreeverticesin thedomain.The quality of theresulting
periodic orbit dependson the choice of Ry and the vector
assignmenbn the boundaryof R.

We reuse attachmentand separationelementsto obtain
vector values on Ry Basically each line segment on the
loop g is usedto infer a designelement.We then compute
vectorvaluesat the verticesof Ry usingthe basisvector elds
correspondingo theseelements Note when Ry is chosento
be the whole domain,this techniqguebecomeghe basisvector
eld methodmentionedearlier which is computationallyex-
pensve. In practice we chooseRy bethesmallestrianglestrip
containingg. This greatlyreduceshe amountof computation
thatis associateavith basisvector elds. In addition,it seems
to producereasonableesultsboth on the planeand surfaces.
We further speedup the processby only evaluating a basis
eld at the three vertices of the triangle that containsthe
correspondinglementWhena vertex is sharedoy morethan
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Fig. 8. An examplefor building a directedgraphbasedon the input vector
eld dened on a triangular mesh. In the obtained directed graph, each
noderefersto a particulartriangle, the direction of eachdirectededgeare
determinedby the type of the edge.Basedon the input vector eld (left), we
build the directedgraphand computethe strongly connecteccomponentsn
the graph(right).

Fig. 9. An example of our periodic orbit detectionalgorithm. First, we

computestronglyconnectedcomponentsindonly considecomponentsvhere
periodic orbits may exist (left: coloredregions). Next, we extract attachment
points (right: cyan) and separationpoints (right: magenta)on the interior

edgesin theseconnectedcomponentsBy combining the ideasof strongly
connecteccomponentsvith theextractionof attachmenandseparatiorpoints,

our algorithmis fastandefcient in nding periodic orbits.

onetrianglein Ry, we simply take the averageof the vector
valuescomputedirom eachincidenttriangle.Fig 5 shavs that
this methodtendsto producea periodicorbit (right: dasheded
loop) that matchesthe userspeci ed loop (right: blue loop).
To obtainsmootherresults,a larger Ry canbe constructed.

We have also extendeda similar framework to create x ed
pointsonsurfacesEvery x edpointresultsin threeconstraints
on the verticesthat containsthe desired x ed point. Vector
valueselsavherein the meshareobtainedthroughconstrained
optimization. This framevork avoids the needto construct
a surface parameterizatiorfor each basis[6] and makes it
possibleto interactvely createperiodic orbits on surfacesin
3D. Figure7 shavs a numberof vector elds thatwerecreated
usingour system Althoughit works very well in practice,we
shouldpoint out thatour approactdoesnot guaranteeo create
a periodic orbit accordingto userinput.

V. TOPOLOGICAL ANALYSIS OF PERIODIC ORBITS

In this section,we describea processin which an ECG is
constructedand illustrated accordingto the Morse decompo-
sition of a vector eld (Sectionlll). Becauseperiodic orbits
areessentiafeaturesin a non-linearvector eld, we needthe
ability to detectandlocateperiodicorbitsin afastandaccurate
mannerWewill rst presentnew algorithmfor periodicorbit
identi cation beforereturningto ECG constructions.

A. Periodic Orbit Detection

Our periodicorbit detectionrmethodis inspiredby Wischgoll
and Scheuermanii25], in which they locate periodic orbits
in a planarvector eld by starting streamlinetracing from a
neighborhoodof a x ed point and keepingtrack of repeated

cell cycles. While this methodis capableof detectingmary

periodic orbits, it assumesthat ary periodic orbit can be
approachedy a x ed point, which is not always true. One
example caseis the repelling periodic orbit betweenthe two

surroundingattractingorbits in Figure 9. To be ableto detect
periodic orbits even when they are not approachedoy ary

x ed point, we have developeda new periodic orbit detection
method that has drawvn ideas from the Morse decomposi-
tion [41] and separatiorand attachmentines [40].

A periodic orbit must situate inside a region of ow
recurrence which correspondgo certain types of strongly-
connecteccomponentsn the domain(Sectionlll). Recallthat
strongly-connectedomponentsare computedby treatingthe
meshasa graphandmeiging trianglesthatsharemixed edges.
Figure 8 illustratesthe constructionof a directedgraphfrom
aninput vector eld de ned on a mesh.Note that a strongly-
connectedcomponentdoesnot containa periodic orbit if it
either consistsof a single triangle or it is a topologicaldisk
andcontainsno x ed point. This computationcorrespond$o
computinga Morsedecompositiorof the o w. Figure9 shows
an example of the strongly connectedcomponentshat may
containperiodic orbits (left: coloredregions).

Recallthat multiple periodicorbits may exist in anisolated
Morse set (a strongly-connectedomponent)To extract indi-
vidual periodic orbits in a fastand ef cient manneywe need
a good geometricindicator as to which strongly-connected
componentsnight containperiodicorbits. Kenwrightpresents
efcient techniquesn extraction openand closedseparation
and attachmentlines [40]. We have used separationand
attachmenelementsto createperiodic orbits (SectionlV-A).
We now apply theseideasto periodic orbit extraction. Our
algorithmis asfollows:

1) Stepl: We computethe strongly connecteccomponents
of themeshaccordingo the o w. In addition,we discard
componentghat do not containa periodic orbit, i.e., if
the componentS consistsof a singletriangleor if Sis
a topologicaldisk and containsno x ed points.Let S
be the set of strongly connectedcomponentghat may
containa periodic orbit.

Step2: We extract the attachmentind separatiorpoints
for every edgein the interior of a strongly connected
componentn S .

Step3: For every stronglyconnecteccomponenS2 S
we startstreamlinetracing for eachattachmenpointin
Saccordingto the o w. If the streamlinereaches x ed
point or the boundaryof S, we stoptracinganddiscard
the attachmentpoint. Otherwise, the streamline will
approachanattractingperiodicorbit. In casethe periodic
orbit hasbeendiscoveredpreviously, it will beignored.
Otherwisethe periodicorbit is recordedanda sequence
of denseand evenly-spacedpoints are placed along
the orbit. Thesepoints allow tracing from subsequent
attachmentpoints to quickly determinewhetherit is
approachingan existing or new periodic orbit.

Step4: We locatethe repellingperiodicorbits by repeat-
ing step3 with the following two modi cations: tracing
will now (1) startfrom separatiorpoints,and (2) be in
the backward directionof o w.

2)

3)

4)
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Fig. 10. An examplescenarioin which inconsistentensorassignmentan
lead to false separationor attachmentpoints. In the left image, given the
vector valuesu at the verticesof an edge (cyan arravs) and the Jacobian
tensor(red arravs representhe major eigervectorse;), it is clearthat there
is not ary separatiorpoint on the edge.However, by converting the tensor
eld into a vector eld (middle and right) and evaluatinge; u cancause
falseseparatiorpoint to appear(right).

Kenwrightevaluatess, u attheverticesof theedgeanduse
linearinterpolationto locateattachmentndseparatiorpoints.
This formulation assumeshat an eigervector eld can be
treatedasa vector eld. However, aspointedout by Zhanget
al. [42], treatingan eigervector eld asavector eld will lead
to discontinuitiesin the vector eld and causevisual artifacts
in tensor eld visualizationand non-photorealisticdendering.
We have obsenred similar problemsduring the computation
of attachmentand separationpoints. For instance,consider
the exampleshowvn in Figure 10, in which the vector eld is
constantlongan edgee (cyanarronvs) andthe Jacobiaralong
the edgeis nearly constant(major eigervectorsare shawvn in
red bidirectional arrons). When choosinga consistentdirec-
tion assignmentor the eigervectorsat the vertices(middle),
we concludethat no separatioror attachmenpoint exists on
e. However, the assignmenin the right will leadto a false
identi cation of a separatiorpoint. To overcomethis problem,
we simply assumethe Jacobianis constantalong an edge
and evaluateit at the middle of an edgeby performinglinear
interpolationon the Jacobiansat the vertices.This ef ciently
removesthe needto carefully assigndirectionsto eigervectors
at the two verticesof an edge.

To perform tracing on surfaces,we use a Runge-Kitta
schemd43] thathasbeenadaptedo surfaceswith a piecavise
interpolation schemethat guaranteesvector eld continuity
acrossverticesand edgeg[6].

We should point out that our approachdoesnot guarantee
to nd all the periodicorbitsin the given vector eld.

B. ECG Constructionand Display

Sincethe constructionof the MCG graphfollows from the
work of Kaliesetal. [11] andKaliesandBan[12], we turnto
a descriptionof our algorithmfor constructingthe ECG for a
given vector eld startingwith a brief review of vector eld
topologythat involves x ed points and periodic orbits.

Considera vector eld V on a surface S that containsat
leasta x ed point or periodic orbit, i.e., the ECG of V is
not empty V inducesa partition of S Each sub-rgion in
the partition is a basin that can be boundedby x ed points,
periodicorbits,and/orseparatricesA streamlinagnsideabasin

o ws from a sourceobjecta to a destinationobjectw. Both
a andw canbe a node x ed point (a sourceor a sink) or a
periodic orbit. In addition, for eachof the three casesnode-
node, node-periodicorbit, and periodic orbit-periodic orbit),
thelink betweena andw canbe eitherdirect,i.e., thereis an
edgeconnectingthemin the ECG, or indirect, i.e., they are

connectedo somecommonsaddleghroughseparatricesNote
that a periodic orbit separatesearby o w into two parts.On
eitherside,therecanbe oneor morebasins Whenthereis one
basin,the periodicorbit is directly linkedto a nodeor another
periodicorbit. In the caseof multiple basinsthe periodicorbit
is linked to othernodesor periodic orbits throughsaddles.

To computethe ECG, we perform a three-stageperation.
First, we locate the x ed points and periodic orbits. These
are the nodesin the ECG. Next, we computeall the sep-
aratricesby tracing from every saddlein its incoming and
outgoing directionsuntil the trajectoriesend in a nodeor a
periodic orbit. Finally, we identify edgesin the ECG that
are not separatricesOur methodsfor x ed point extraction
and separatrixcomputationare accordingto Helmann and
Hesselink[22] exceptthey do not handlevector elds that
containperiodicorbits. Periodicorbits areidenti ed usingthe
algorithmdescribedn SectionV-A.

We now describehow to computenon-separatribedgesin
the ECG. As discussedearlier this correspondgo an edge
in the ECG that doesnot involves ary saddle.Therearefour
cases:(1) a sourceand a sink (type 1), (2) a sourceand an
attracting periodic orbit (type 2), (3) a sink and a repelling
periodic orbit (type 3), and (4) a repelling periodic orbit and
an attractingperiodic orbit (type 4). Note a nodecanonly be
involvedin onenon-separatrixedge,and so doeseachside of
a periodic orbit. We usea ag to describeevery node. The
ag is setto 1 if the nodeis connectedto a saddlein the
ECG. Otherwise,the ag is setto 0. Similarly, we de ne a
ag for eachsideof a periodicorbit to recordwhetherthereis
atleastoneseparatrixapproachinghe periodicorbit from that
side. To computenon-separatrixedges,we rst locate edges
emanatingfrom repelling orbits. For eachrepelling periodic
orbit g and eachside, if the correspondingag is 0, we nd
a nearbypoint on that side of g and perform tracing in the
direction of the o w until the streamlineterminatesat a sink
or an attractingperiodic orbit. In caseof a sink, we mark its
ag to be 1 andinsert an edge(type 3) in the ECG. If the
streamlineendsin an attracting periodic orbit, we mark the
ag to be 1 for the sideof the attractingorbit from which the
streamlineapproachesAn edge(type 4) is theninsertedinto
the ECG. Notice that at the endof this step,all non-separatrix
edgesof types3 and 4 arefound. We now performthe same
operationgo all the extractedattractingperiodic orbits whose
side or sidesare still marked as 0, exceptthat tracingis now
donein thereversedirectionof the o w. Thisallowsusto nd
all type 2 edgesFinally, we go throughevery sourcethat still
hasa ag of 0 andtracefrom a nearbypoint in the forward
directionuntil it terminatesata sink. Thiswill nd all thetype
1 edges.It appearghat type 1 edgesare ratheruncommon.
In fact, the only instancethat we know of is the idealized
magnetic eld over a spherewhich containstwo x ed points
and no periodicorbits. Figure 11 illustratesthis processwith
an examplevector eld thatcontainstwo sourcespnesaddle,
andfour periodicorbits. In (a), we extractthe x ed pointsand
periodic orbits. We also mark as urvisited (white disks) for
all the sourcesand sinksandfor both sidesof every periodic
orbit. Next (b), we computeseparatricesnd mark as visited
(black disks) ary nodeor ary side of a periodic orbit that is
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(a) (b)

(c)
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(d) (e)

Fig. 11. This gure illustratesour algorithmfor constructionof ECG's. First (a), we perform x ed point andperiodicorbit extraction.We mark as urvisited
(white disks)for every source/sinkandfor both sidesof every periodicorbit. Next (b), we computeall the separatricesnd mark as visited (black disks) for
R2 andthe outer side of R3 sincethey are connectedo the saddleSl in the ECG. In (c), we startfrom the inner side of R3 and follow the o w forward
to nd thelink to the outersider of A2. An edgeis addedto the ECG, and both sidesin the link are nov marked as visited. In (d), we perform similiar
operationgo the urvisited sidesof every repelling orbits (both sidesof R4) to nd all the links to a sink or an attractingorbit. Finally (e), we startfrom ary
urvisited side of an attractingperiodic orbit andfollow the o w in the reversedirectionto locatelinks to unmarled sources.

connectedto a saddle.In the next stage,we start from ary
urvisited side of a repellingperiodicorbit andfollow the o w
forward to locatelinks to a sink or an attractingorbit. In (c),
suchan operationfound a link betweenthe inner side of R3
and the outer side of A2, both of which are nowv marked as
visited. Performingthis operationon all the extractedrepelling
periodicorbits leadsto (d), in which links suchasR4/Al and
R4/A2 arefound. Finally (e), we startfrom ary urvisited side
of anattractingperiodicorbit andfollow the o w in thereverse
directionto locatethe remainingedgesin the ECG.

To display an ECG, we arrangevector eld features(x ed
points and periodic orbits) in three rows, with sourcesand
repelling period orbits in the top row, sinks and attracting
period orbits in the bottom row, and saddlesin the middle
row (Figure 3). We alsoprovide the userwith the capabilityto
selectan objecteitherin the o w displayor the graphdisplay
andour systemwill highlight the objectin both screensThis
allows a userto navigate througha rathercomplex ow eld
with relative ease.

C. Applicationto Analytic Data

For all the elds designedwith our system,we use this
method to detect periodic orbits and construct ECG's. In
addition, we have testedour methodon other datasetggen-
eratedfrom mathematicaformulasandfrom uid simulation.
Figure 12 shavs a vector eld that correspondso

A = y
Vo = ycogX)

(8)
It hasbeenprglenthatthis systemhasexactly n periodicorbits
in theregion x2+ y2< (n+ 1)p [44]. We samplethe vector
eld attheverticesof a boundedunderlyingmesh,andemploy
the piecavise linear interpolationscheme1] to obtainvalues
insidetriangles.Theleft of this gure shavsthe periodicorbits
extractedusingour method,andthe right portion displaysthe
correspondind=CG. Thereare ve periodicorbits. Notice our
methodis ableto detectperiodic orbits even when thereare
no saddlesn the eld.

Fig. 12. The vector eld dened in Equation 8 over the region
f(x;y)imaxjxj;jyj) < 11pg. Thereis one sourcein the region enclosedby

ve periodic orbits. Our algorithm was able to captureall of theseorbits
without requiring the presenceof ary separatrices.

D. Applicationto Engine SimulationData

We have alsoappliedour techniqueto two dataset$rom au-
tomotive enginesimulation [7], more speci cally, the design
andoptimizationof in-cylinder o w. Engineergesponsibldor
the designof, in this case,a diesel enginetry to createan
ideal patternof motion, which canbe describedby a swirling

o w aroundanimaginaryaxis. Achieving theseideal patterns

of ow optimizesthe mixture of oxygenand fuel during the
ignition phaseof the valve cycle. Optimal ignition leadsto
very desirableconsequenceassociatedvith the comtustion
processincluding: more burnt fuel (lesswastedfuel), lower
emissionsand more outputpower. Onetype of o w, referred
to asthe swirl motion is shovn in Figure 13 (right). Suchan
ideal is often strived for dieselengines.

In Figure 1 we visualizethe ow and its topology inside
the comhustion chamberfrom the diesel engine simulation.
We have slicedthroughthe geometryin the samemannerthat
engineergdo when analyzingthe simulationresults.The rst
slice,at 10%thelengthof thevolume,indicatesa swirl pattern
thatdeviatesratherstronglyfrom theideal-which would result
in a simple recirculationorbit aroundthe center The second
slice, at 25% down the chambergeometrywe seea periodic
orbit very closeto the centerthat startsto approximatethe
ideal swirl motion. However, otherlessideal x ed pointsare
found nearthe perimeterof the geometry The methodwe use
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Fig. 13. Idealizedin-cylinder o w througha gasengine(left) and a diesel
engine(right). Figuresl4 and2 shav our visualizationof CFD datasimulating
such ows.

hereis similar to the moving cutting planetopologyapproach
of Tricoche et al. [45]. We note that caution must be used
wheninterpretingtheseresultssincethe vector eld hasbeen
projectedonto 2D slices. On the other hand, the engineers
involved are very familiar with the simulation data and are
well aware of its overall characteristics.

Figure2 shows from two viewpointssomesimulationresult
in which undesiredx edpointsandperiodicorbitsarepresent.
Thereare a total of 226 x ed points and 52 periodic orbits.
The total time to constructthe ECG for the ow is 29:15
secondson a 3:6 GHz PC with 3:0 GB RAM. Anothertype
of motion, termedtumble ow, is shavn in Figure 13 (left).
The axis of rotationin thetumblecaseis orthogonalto that of
the swirl case.The datasethatis beingvisualized(Figure 14)
is also from simulation,and it contains56 x ed points and
9 periodic orbits. The ECG for this datasetis shawvn in the
bottomrow. Throughthe applicationof our automaticperiodic
orbit extraction and visualizationalgorithmwe canobsere a
closed streamlineabout a central axis correspondingo the
ideal patternof tumble motion in the gas engine simulation
results. This is precisely the type of re-circulationthat the
engineerstrive to realizewhendesigningthe intake portsof a
gasenginecylinder. Our algorithmenableghe CFD engineers
to automaticallydetectand visualize this highly sought-after
patternof ow in a direct mannerfor the rst time (see
Figure14). Thetotal time for computingthe ECG of this time
is 31:58 secondsThe ECG producedfrom the dieselengine
simulationresultsis of evenhighercompleity thanthatof the
gasengine.Table!l shavs the compleity for both simulation
datasetsand the timing resultsin seconds.

VI. VECTOR FIELD SIMPLIFICATION

Topological simpli cation of a vector eld hasmary ap-
plications, suchas ow visualization, texture synthesis,and
non-photorealisticendering.

A. SingleAttractor/RepellerPair Cancellation

A well-known topological simpli cation operationis pair
cancellationon a pair of x ed pointswith oppositePoincaé
indices and a unique orbit connectingthem. This operation
has also been referred to as pair annihilation [1]. After
cancellation,both x ed points disappearTricoche et al. [1]
perform this operationin planardomainsbasedon Poincaé
index theory which doesnot apply to periodic orbits. Zhang
et al. [6] provide an efcient implementationof the pair
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Fig. 14. Thevisualizationof CFD datasimulatingin-cylinder o w througha
gasenginefrom two viewpoints (top), andthe correspondindg=CG (bottom).
Throughthe applicationof our automaticperiodic orbit extraction algorithm
we canobsere a closedstreamlineabouta centralaxis correspondingo the
ideal patternof tumble motion in the gas enginesimulationresults. This is
preciselythe type of re-circulationthat the engineersstrive to realize when
designingthe intake ports of a gasenginecylinder (Figure 13, right).

cancellationoperationbasedon Conley index theory They

also extend x ed point pair cancellationto surfacesand for

pairsthat are not connectediy a separatrix,suchasa center
andsaddlepair. However, neithertechniquedealswith periodic
orbits, which limits their potentialapplicationsn visualization
andgraphics.Our paperaddressethis by providing a general
framework that allows cancellationf a repellerandattractor
pair in which either object or both can be a periodic orbit.

Similar to Zhang[6], our framewvork is basedon Conley index

theory Beforeproviding the detailson our generafframework,

we rst commenton what we meanby pair cancellation.

Pair cancellationP involves a repeller R and an attractor
A. P is directif thereis at leastone edgebetweenR and A
in the ECG, and P is indirectif R and A are linked through
eitheroneor two saddlesWhena nodeor a periodic orbit is
linked to a saddlethroughone connectingseparatrixthe pair
are singly connected Otherwise,they are doubly connected
We have identi ed six directcancellatiorscenariogFigure15)
and seven indirect ones(Figure 16) on the plane.Our system
canhandleall of thesecasesTo our bestknowledge,previous
pair cancellatiormethodsareonly availableto handlecase(1)
in Figure15.

Whenperformingpair cancellationwe expectthe comple-
ity of the o w to be reducednearthe objectpair, suchasthe
casein Figurel5 (1). However, thereductionin the compleity
doesnot meanthe resulting o w will alwaysbe free of x ed
points and periodic orbits. For instance,a sink and periodic
orbit cancellationresultsa sourceas shovn in Figure 15 (2).
In fact, the characteristicof the resulting o w is constrained
topologically by the Conley index of the isolating block over
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TABLE |

THE COMPLEXITY AND TIMING RESULTS FOR TWO CFD DATA SIMULATING IN-CYLINDER FLOW THROUGH A COMBUSTION ENGINE (FIGURES 14
AND 2). AN EDGE IN THE ECG CORRESPONDS TO A LINK BETWEEN A SOURCE AND DESTINATION OBJECT PAIR, IN WHICH BOTH OBJECTS CAN BE A
FIXED POINT OR A PERIODIC ORBIT. TIMES (IN SECONDS) ARE MEASURED ON A 3:6 GHz PC wiTH 3GB RAM.
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dataset # # x ed | # periodic | # edges| time extracting | time extracting | time computing| time
name polygons| points orbits in ECG x ed points | periodicorbits edges total
gasengine | 105,192 56 9 97 0.16 22.33 9.09 31.58
dieselengine| 886,296 | 226 52 295 3.16 21.52 4.48 29.15
(1 (2 ©) (4 (5 (6)

Fig. 15. Thesix direct cancelatiorscenarios(1) a sourceand saddlewith a uniqueconnectingseparatrix,(2) a sink and a periodic orbit, (3) an attracting
periodicorbit andarepellingone,(4) a periodicorbit anda saddlewith a uniqueconnectingseparatrix(5) a sink anda saddlewith two connectingseparatrices,
and(6) a periodicorbit anda saddlewith two connectingseparatricesThe top row shows the original vector elds, while the bottomrow displaysthe vector
eld after cancellation.Notice that our cancellationoperationsare only appliedto the intendedobjects.

(1) 2 3

(4)

(5) (6) (7)

Fig. 16. The seven indirect cancellationscenarios(1) a sourceand a sink pair with two saddlesbetweenthem, (2) a sourceand a sink with one saddle
betweenthem, (3) a sink and a periodic orbit with two saddlesbetweenthem, (4) a sink and periodic orbit with one saddlebetweenthem and two orbits
betweenthe saddleand the sink, (5) a sink and periodic orbit with one saddlebetweenthem and two orbits betweenthe saddleand the periodic orbit, (6)

two periodic orbits with two saddlesbetweenthem, and (7) two periodic orbits with a saddlebetweenthem. The top row shaws the original vector elds,

while the bottomrow displaysthe vector eld after cancellation.Notice that our cancellationoperationsare only appliedto the intendedobjects.

whichthe o w is modi ed. Whencancellinganodeandsaddle
pair, the Conley index of sucha block is (0;0;0), which is
the sameas a x ed point-free vector eld. For a sink and
periodic orbit pair, the Conley index is (0;0;1) which is that
of a source.Furthermore,pair cancellationdoesnot always
lead to simpler behaiors, suchas Figure 15 (5). Cancelling
a doubly-connectediode-saddigair leadsto a periodicorbit.
In fact, the only othercasein which the o w is not simpli ed
through pair cancellationis shovn in Figure 15 (6), wherea
doubly-connectegeriodic orbit and saddlepair is replaced
by anothersuch pair. Both casesare direct cancellationsof
doubly-connecbbjectpair. In all othercasespair cancellation
leadsto simplerbut not necessarilytrivial o w.

We now describeour framevork for a single pair cancel-
lation that can now handle (1) periodic orbits, (2) doubly
connectionsand (3) indirect cancellation.Given a repellerR
and an attractorA, our algorithm rst searcheshe ECG to
nd the smallestinterval that containsboth R and A. This is
achiered by nding all the nodesin the ECG that can both
reachA andbe reachedrom R. Therearethreepossibilities:
(1) R and A are directly related,(2) R and A are indirectly
linked througha set of saddlesS's, and (3) R and A are not
connectedCase(3) will beignored.Notethatthe rst stageis
conducteg)urely on the graphlevel. LetR = fRg fSg and
A =fAg fSg. Note whenR andA aredirectly connected,
the setof f Sg is empty It shouldalso be notedthat Kalies
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Ur

Ua

Fig. 17. An exampleshaws the regions obtainedfor cancellinga repellerR
andan attractorA pair. Our region growing rst getsthe region by following
the ow forward from R and the intenal S respectrely to get Ug, then
follows the o w backvard from A andtheintenal § respectiely to getUa.
U = Ur U, is the region (the shadav region) in which we will perform
smoothing.

andBan [12] provide a dimensionindependenglgorithm for
determiningintervals in a Morse decomposition.

In the secondstage we considerthe minimal setof triangles
in the domain that contain R. We then growv from these
trianglesby adding one triangle at a time acrossmixed or
exit edges.We now have a region Ugr that containsall the
trianglesreachablefrom ary objectin R. Then, we perform
region growing from the minimal setof trianglesthat contain
A by addingtrianglesacrossmixed or entranceedges.This
resultsin a region Ua thatcionsistsof trianglesthat canreach
ary objectin A . U = Ur U, is anisolating block that is
necessaryo perform pair cancellation.

In the laststep,we replacethe o w insideU by performing
constrainedoptimization (Sectionlll-E). While this method
doesnot guarante¢hatthe o w will besimpler in practicewe
have obsened thatit performswell. Note that other methods
canalso be usedto modify the o w.

This frameawork is illustrated as Algorithm 1 with the
following pseudocode.

Algorithm 1: A general framework for pair cancellation
Input: A vector eld V, its ECG, a repellerR and an attractorA
Output: The vector eld V after cancellation

SearchECG for ary intermediatenodesS betweenR and A.

T. = setof trianglescontainingeitherR or S for somei.

Performregion growing from T, accordingto V by addingtriangles
acrossexit or mixed edges.Let Ur be the resultingsetof triangles.

T = thesetof trianglescontainingeither A or S for somei.

Performregiongrowing from T accordingo V by addingtriangles
acrossentrgnceor mixed edgesLet Ua betheresultingsetof triangles.

U =Ur Ua(SeeFigurel7)

Performvector eld smoothingon theinterior verticesof U accroding
to Equation(4). The resultingvector eld is V.

ReturnV.

For ary pair cancellationoperationrelying on the ECG,
it is possible that region growing from the repellers and
attractorscan “walk” over x ed points, periodic orbits, and
separatriceshat are not intendedfor cancellation.Including
these triangles in the constrainedoptimization may cause
unwantedtopologicalmodi cations (notethis will not happen
if one usesMCG to determinethe cancellation operation).
To addressthis issue,we tag all the trianglesin the mesh
that containeithera x ed point, or partof a periodicorbit or
separatrix During the constructionof isolating blocks,we do
not allow trianglesto be addedif they aretaggedandcontain
featuresnot intendedfor cancellation.
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Fig. 18. Userguided ow smoothingon CFD datasimulatingin-cylinder
o w througha gasengine:before(upperleft) andafter (upperright). Compare
the ECG after smoothing(lower) with beforesmoothing(Figure 14, lower).

Fig. 19. Userguided ow smoothingon CFD datasimulatingin-cylinder
o w througha dieselengine:before (left) and after (right).

B. User GuidedFlow Smoothing

In the proceedingsection,we have describedtechniques
that automaticallydeterminea region wherethe ow needs
to be modi ed. Sometimesit is desirableto provide a user
with control over the locationand shapeof the region. Zhang
et al. [6] describesuchan operationfor graphicsapplications
suchasnon-photorealisticenderingandtexture synthesisWe
apply their algorithmto large scale CFD simulationdatasets.
In addition,unlike Zhanget al. who accepta topologicaldisk,
we now allow a region to have ary numberof boundaries.
Figure 18 shaws the resultsof userguided o w smoothingon
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CFD simulationdataof in-cylinder ow in a gasengine.The
eld on the upperright was obtainedby a sequenceof ve
userguided smoothingoperations(the actual region bound-
ariesare not shavn). Notice the eld is considerablysimpler
thanthe original eld (upperleft). The simpli ed vector eld
retainstheimportantlarger scaletumblemotioncharacteristics
while smoothingnon-idealbehaior. Also comparethe ECG
of the smoothed eld (Figure 18, lower) with that of the
eld beforesmoothing(Figure14, lower). Figure19 compares
the dieselenginedatasef(left) with the one obtainedfrom a
seriesof six userguidedsimpli cation operationgright). Flow
smoothingis an ef cient methodof reducingthe compleity
of a vector eld.

VIl. TOPOLOGY-BASED STREAMLINE VISUALIZATION

Visualization is crucial for the analysis and design of
vector elds. Most existing visualizationtechniquessuchas
texture- andstreamlines-basetiethodsaredesignedor x ed
points. While they performwell for illustrating local patterns
suchas x ed points, other features(separatricesnd periodic
orbits) are often not well-presered. In Figure 20, a vector
eld with three periodic orbits is depictedusing IBFV [17]
(a), and evenly-placedstreamlineqg46] (b). Notice that it is
dif cult to seeperiodic orbits and separatricesising texture-
basedmethodssuchas IBFV. Streamline-basethethodscan
betterillustrate trajectories.However, most existing methods
such as Jobard and Lefer [46] and Verma et al. [47] do
not take into accountperiodic orbits or separatricesn seed
placementand streamlinetermination criteria. This causes
visualdiscontinuityin periodicorbitsandmissingseparatrices.

Several researcherbave incorporatedvector eld topology
into texture-basednethodq48]. Most of the gures in this pa-
per arecreatedn thatfashion.On the otherhand,streamline-
based methods can better illustrate individual streamlines,
which makesit anattractve approactwheninteractive display
is notrequired.In this sectionwe describea methodfor which
vector eld topologyis usedfor streamlineplacement.

We adaptthe evenly-placedstreamlinemethod of Jobard
and Lefer [46] with the following modi cations. First, we
extract periodic orbits and separatriceén the vector eld and
male themthe initial streamlinesTo avoid visual clusterings
nearsourcessinks,andperiodicorbits, we terminatea separa-
trix if it is within a distancefrom the non-saddleend.Next, we
add additionalstreamlinesn the samemanneras Jobardand
Lefer[46]. Thismodi cation ensureghatvector eld topology
is maintainedin the visualizationand no visual discontinuity
for periodicorbits (Figure 20, ¢). Finally, we highlight vector
eld topology with colors (d) such that attracting periodic
orbits and outgoing separatricedrom saddlesare coloredin
red while repelling periodic orbits and incoming separatrices
are coloredin green.To avoid confusionsnear sourcesand
sinks,theonly x ed pointswe includein the visualizationare
saddleswhich are coloredin blue. Figure 7 shawvs additional
examples.Notice a periodic orbit on a 3D surface (middle-
left and middle right) is often partially visible from ary
given viewpoint. They are dif cult to discernwithout being
highlighted.
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VI1ll. CONCLUSION AND FUTURE WORK

In this paperwe have describedavector eld designsystem
in which x ed points and periodic orbits can be created,
modi ed, andremoved. At the coreof our implementatiorare
resultsfrom Conley theory which enablea uni ed framework
for the efcient control of x ed points and periodic orbits
through editing operationssuch as feature cancellation.To
our knowledge,this is the rst vector eld designsystemthat
addressegperiodic orbits. As part of the system,we provide
a novel techniquefor periodic orbit extraction by computing
the strongly-connectedcomponentsof the underlying mesh
accordingto the ow and by extracting separationand at-
tachmentpoints. Furthermore we de ne a newv graph-based
topological representatiorof a vector eld, the ECG, and
proposeefcient techniquesto constructthe ECG. We have
appliedour vector eld analysisandsimpli cation techniques
to an engineeringapplication:visualizing o ws from engine
simulation.Both of our analysisand simpli cation techniques
can handle vector elds on curvwed surfaces. Finally, we
augmenstreamline-basedector eld visualizationtechniques
by including vector eld topology (separatricesand periodic
orbits) in the streamlinegeneratiorand by highlighting them.

Thereare a numberof future directions.First, our periodic
orbit detection method dependson efcient extraction of
separationand attachmentpoints. While we have obsenred
in our experimentsthat these points tend to be close to
periodicorbits,a rigorousmathematicastudyon the subjectis
neededFurthermore pther methodsfor extracting separation
and attachmentpoints, such as that of Peikert and Roth
[49], may lead to more numerically stable results. Second,
our current MCG and ECG construction methods assume
closedsurfaces We areinvestigating meansto extendthemto
handlesurfaceswith boundariesThird, we planto investicate
automatictechniquesfor vector eld simpli cation. Fourth,
we are exploring more intuitive illustration of the ECG's. In
particular we planto explore graphandnetwork visualization
techniquesievelopedby researcheri the InformationVisual-
izationcommunity Fifth, morerigorousmathmaticabnalysis
and proofs needto be introducedto guaranteethe minimal
structure will be obtained after vector eld simpli cation.
Finally, we planto studythe reconstructiorof original vector
eld from the obtained ECG/MCG graph, which can be
appliedto vector eld compression.
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(a) (b)
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(c) (d)

Fig. 20. An exampleof our streamline-basedlisualizationtechniqueon the plane:(a) a texture-basednethod(IBFV [17]), (b) a streamline-metho46],
(c) our streamlinemethodwhich usesvector eld topology (d) sameimagefrom (c) with periodic orbits and separatricebeing highlighted.Notice with our
method(c andd), vector eld topologyis well-maintainedby streamlinesandthey are easily discernable.

APPENDIX
COMPUTATION OF CONLEY INDEX

Thetriangularmeshwhichis the underlyingdomainfor our
system consistsof a collectionof vertices,V whoseelements
aredenotedby hvii, edgesE, whoseelementsare denotedby
hvi;vji, i 8 j, andtrianglesT , whoseelementsare denoted
by hvi;vj;wi, 16 j6 k6 i. Given a subsetX of the mesh,
let V (X), E(X), andT (X) denotethe collectionsof vertices,
edges,andtriangleswhich are containedin X.

Let Co(X), C1(X), and Cy(X) be the free abelian groups
onthe setsV (X), E(X), andT (X), respectiely [50] andset
C 1(X) = 0. Recallthatif (N;L) is anindex pairthenL  fN.
Since,N is given asthe union of a setof triangles,V (L)
V(N),E(L) E(N),andT (L)= 0. Thus,thequotientgroups

Gi(N;L) := G(N)=Ci(L);

are free abeliangroups.

SinceV (N), E(N), and T (N) induce a basisfor Cy(N),
C1(N), and Cy(N), respectiely, to de ne group homomor
phisms 7 : G(N) ! G 1(N), for i = 0;1;2, it sufces to
prescribethe action of f; on the individual vertices, edges,
andtriangles.De ne

1,0;1;2

fotvoi == 0 (9)
ﬁlh/();vli = h/li h/oi (10)
ohvo; vi; vai := hvo;vii - hvo; vai + hvg; woi (11)

The 1 arecalledboundaryoperators. Obsere thatthey induce
boundaryoperatorson the quotient groups, i : Gi(N;L) !
G 1(N;L).

Let Z(N;L) := fx2 C(N;L) j fix= 0g and B;j(N;L) :
i+ 1(Ci+ 1(N; L)). It is straightforvardto checkthat i 1
0,henceB;i(N;L) Z(N;L). Therelativehomolay of the pair
(N;L) arethe quotientgroups

i=012:

Becausewe assumethat the original triangular meshis a
closedorientablesurfaceembeddedn R3, the relative homol-
ogy groupsare free groups,thatis

Hi(N; L) = Z7

whereZ arethe integersand b; is a non-ngative integer. b
is calledthe i-th Betti number Pleasereferto [35] for more
detailsaboutBetti numbersand homology
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