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Abstract— Existing topology-basedvector eld analysis tech-
nigues rely on the ability to extract the individual trajectories
such as xed points, periodic orbits and separatrices which
are sensitve to noise and errors intr oduced by simulation and
inter polation. This can make suchvector eld analysisunsuitable
for rigorous interpretations. We advocate the use of Morse
decompositions,which are robust with respectto perturbations,
to encodethe topological structuresof a vector eld in the form
of a directed graph, called a Morse connectiongraph (MCG).

While an MCG exists for every vector eld, it need not be
unique. Previous techniques for computing MCGs, while fast,
are overly consewative and usually resultin MCGs that are too
coarseto be useful for the applications. To addressthis issue,we
presenta new technique for performing Morse decomposition
based on the concept of t-maps which typically provides ner
MCGs than existing techniques. Furthermor e, the choice of t
provides a natural tradeoff betweenthe neness of the MCGs
and the computational costs.

We provide ef cient implementations of Morse decomposition
basedon t -maps,which include the useof forward and backward
mapping techniques and an adaptive approach in constructing
better approximations of the images of the triangles in the
meshesusedfor simulation. Furthermor e, we proposethe use of
spatial t -mapsin addition to the original temporalt-maps These
techniques provide additional tradeoffs between the quality of
the MCGs and the speedof computation. We demonstrate the
utility of our technique with various examplesin the plane and
on surfacesincluding engine simulation datasets.

Index Terms—\Vector eld topology, uncertainty, Morse de-
composition, t-maps, Morse connection graph, ow combinato-
rialization.

. INTRODUCTION

Extracting and visualizing vector eld topology has impor
tant applicationsin ComputationalFluid Dynamics(CFD) [15],
weathemprediction,tsunamiandhurricanemodeling,andairplane
designand control. For instance,the existenceof recirculation
zones (periodic orbits) can indicate stagnant ow which may
be undesirablen enginedesign,becausestagnanto ws indicate
trappedheatin the engine[16].

Pastwork de nesthetopologyof two-dimensionaVector elds
as x ed pointsandperiodicorbits aswell asthe separatriceshat
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connectthem[10], [4]. Thisleadsto a graphrepresentationf the
vector eld which is referredto as Entity ConnectionGraph, or
ECG. However, analysisandvisualizationof vector eld topology
basedon individual trajectoriescan raise questionswith respect
to interpretationas the discretenatureof uid ow dataposes
several challengesFirst, datasamplesare only given at discrete
locations, such as cell vertices or cell centers. Interpolation
schemesare then usedto reconstructthe vector eld between
the given samples.Second,the given data samplesthemseles
are numerical approximations.e.g., approximatesolutionsto a
setof partial differentialequationsThird, the given o w dataare
often only a linear approximationof the underlying dynamics.
Finally, the visualizationalgorithmsthemseles, e.g., streamline
integrators, have a certain amountof inherenterror associated
with them. In short, how can we be sure that what we seeis
authentiovhenextractingandvisualizingthetopologicalskeleton
of the ow eld? Could the error inherentto multiple numerical
approximationsproducemisleadinginformation? Figure 1 pro-
vides examplesin which proper interpretationcan be dif cult
when performinganalysisbasedon individual trajectories.

Figure 1(a) shavs an analytical vector eld which contains
pitchfork bifurcation [9]. The resultsshavn in the two columns
of (a) areobtainedby computingsamplevectorvaluesusingtwo
different meshes:(left) a regular triangulatedmesh with 6144
triangles, and (right) a triangulatedmesh with 1000 triangles.
Notice that using differentmeshedeadsto differentECGs(third
row of Figure 1(a)). Figure 1(b) demonstrates saddle-saddle
connectionbifurcation[9]. The imagesto the left of Figure 1(b)
shawv the original o w, while the imagesto the right shav the
ow that was obtainedfrom the original one after introducing
a small amount of perturbation(we have randomly perturbed
the vector direction at eachvertex by an angle between0 and
1 .)Notice that ECGs((third row of Figure 1(b)) are sensitve to
noise.Figure 1(c) provides a caseof Hopf-bifurcation[15]. The
imageto the left of Figure1(c) (secondrow) shaws the resulting
topology using an adaptve fourth-orderRunge-Kitta integration,
while the imageto the right illustratesthe topology of the same
vector eld usingasecond-ordeRunge-Kuttaintegration[2] [23].
This clearly demonstrateshat the ECGsrely on the employed
numerical scheme.(The ECGs in all the example ows are
computediusingthealgorithmsproposedy Chenetal. [4].) These
obsenrationsmotivatethe studyof a morereliableway of de ning
andextracting vector eld topologythanthe existing techniques.
We point out that addressingsuch uncertaintyin visualization
wasidenti ed asone of the mostimportantfuture challengedy
Johnson12].

In order to addressthis important challengewe presenta
rather different approachto the representationgxtraction and
visualizationof o w topology The representatiorof the global
dynamicsis donein termsof anagyclic directedgraphcalledthe
Morse connectiongraph (MCG). The nodesin this graph,which
we referto asMorse sets correspondo polygonalregionsin the
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Fig. 1. Examplesof the instability of individual trajectory-basediector eld topology analysis(i.e. ECGs)dueto the choiceof discretizationscheme(a),

noise(b), andthe error from numericalintegration scheme(c). (a) shavs a vector eld containingpitchfork bifurcation (k= 0:05). It illustratesthe deviated
ECGsobtainedundertwo differentdiscretizationschemesThe vector eld shawvn in (b) is an example o w having saddle-saddleonnection.The two ECGs
are computedbasedon the original result o w andits perturbationversion.lt illustratesthe possiblein uence of the unexpectednoisein the data.(c) uses
a vector eld with Hopf-bifurcation (k = 0:0025) to illustrate that ECGs can be different using different numericalschemesThe imageto the left shavs

the resulting topology using the adaptie fourth-orderRunge-HKutta integration, while the imageto the right shows the topology of the same ow usinga
second-ordeRunge-Kitta integration. In the ECGsof all the example elds, greendotsindicatethe sourceor repelling periodic orbits, red dotsrefer to sink

or attractingperiodic orbits and blue dotsrepresensaddlesThe two bottom rows provide the resultsof Morse decompositiongnd the associatedCGs of

these elds usingthe ideaof t-mapsproposedin this paper The t's for these elds are 40, 20 and 80, respectiely. Note that for all the examplesshavn

here,the MCGs are stable.The coloredregionsin the o w-like images(the fourth row) are the Morse neighborhood®f the extractedMorse sets.Different
colorsindicatedifferentMorse sets.The color-dottedregionsindicatethe connectionbetweenMorse neighborhoodsConstrainedo the underlyingmesh,the

Morse neighborhoodsnd the regions shaving the connectiondbetweenMorse neighborhoodsnay look irregular (e.g. the Morse neighborhoodsn (a) right

and (c) left, andthe connectionregionsin (b)). In the MCGs, greendots standfor the sourceMorse sets,red dots for the sink Morse setsand blue dots for

the saddleMorse sets.

phasespace,which we de ne to be Morse neighborhoodsAll  we referto asthe geometry-basecthethod We referto the process

the recurrentdynamicsis containedin the Morse neighborhoods.
The edgesin an MCG indicate how the ow moves from one
Morse neighborhoodto another In contrastto trajectory-based
topological analysis,suchas vector eld skeletonand ECG, an
MCG is stablewith respectto perturbationsj.e. given sufcient
information on errors of the vector eld it is possibleto make
rigorous interpretationsabout the underlying dynamics[14]. In
other words, a well de ned error, e > 0, can be boundedand
includedinto the map of the ow domain.We demonstratehe
stability of MCGsin Figure 1 (the last two rows).

To perform Morse decompositionj.e., computeMCGs, Chen
etal. [4] rst constructanotherdirectedgraphby consideringthe
behaiors of the vector eld along edgesof the triangles,which

of encodingthe ow dynamicsinto a directed graph as ow

combinatorialization Becausehe triangulationis not adaptedo
thevector eld, this canresultin coarseMorsesets(Figure2(b)).
In this paperwe exploit a temporaldiscretizationwhich we refer
to asat-map thatis obtainedby integratinga nite setof points
for a nite amountof time. Theoreticallythis methodcanproduce
as detailedan MCG as s desiredand in practiceit producesa
ner MCG (Figure2(c) (d)) thanthe geometry-basethethod.The
key challengeswith the t-map guidedapproachare choosingan
appropriatetemporaldiscretizationof the ow and constructing
a high-quality ow combinatorialization,which is the discrete
outerapproximationof a t-map.In our implementationsye will

computeit asa directedgraph,denotedby F ; undera time t.
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This gure shaws the various analysisresultsof an experimental eld using ECG and MCGs, respectiely: (a) ECG, (b) MCG (geometry-based

method),(c) MCG (t = 6), (d) MCG (t = 24). The computationtime for (b-d) is 0:14s, 1:78s, and 4:31s, respectiely. Obsere that the larger the t used,
the better(closerto optimal) the Morse decompositionshut the time for computingthe Morse decompositiorincreasesaccordingly The coloring schemeof
the MCG is describedn Figure 1. Notice that the graphsshavn in (a) and (d) are essentiallythe samealthoughthey are labeleddifferently The execution
time wasmeasuredn a 3:0 GHz PCwith 1:0 GB RAM. The color-dottedregionsindicatethe connectiondetweena saddleMorse setto anotherMorse set:

source(green),sink (red), and saddle(blue).

From it we extract the Morse sets.
The work presentedhere yields the following bene ts and
contrikutions:

1) We presentatheoreticallysoundframevork basecbn Morse
decompositiongrom which more rigorous statementsan
be madewith respecto theextractionof o w topologythan
the individual trajectory-basednalysis(Figure 1).

2) We provide a meansto obtain ner Morse decompositions
of a givenvector eld thanthe geometry-basedethodby
using the idea of t-maps.A directedgraphF ; obtained
using o w combinatorializatiorbasedon a t -map,is intro-
duced,which we useto performMorse decompositiorand
computethe MCG. We alsoexplore the effect of the values
of t on the level of detailsof the Morse decompositions
(Figure?2).

3) Weintroducea computationallytractableimplementatiorof
the efcient constructionof the F ; and consequentlyne
Morse decompositiongSectionlV-B).

4) We explore the useof spatialts vs. temporalt, i.e., tracing
particlefor a nite distancensteadof time, which provides
domain experts an alternatve to the temporal t -mapsto
analyzetheir data(SectionV).

5) We apply the proposedtopological analysistechniqueto
both analytical data and application-orientediata setsin-
cluding enginesimulationdatafrom CFD on 3D surfaces
(SectionVl).

The rest of this paperis organized as follows. Section Il
provides a brief review of relatedwork on vector eld topology
analysis.Sectionlll introducesthe methodologyof vector eld
analysis using Morse decompositionsand the conceptof t-
maps.The pipeline of Morse decompositioris also presentedn
Sectionlll. SectionlV describes numberof practicalalgorithms
to perform ow combinatorialization.SectionV proposesthe
use of spatial ts in order to achieve faster construction of
ow combinatorialization.Section VI shaws the utility of our
approachto the enginesimulation datafollowed by a summary
and discussionof future work in SectionVII.

Il. RELATED WORK

HelmanandHesselinkintroducedto the visualizationcommu-
nity the notion of ow topology [10] [11]. Since then, much
researcthasbeendoneon topologicalanalysisof vector elds in
the pasttwo decadesTo review all of it is beyond the scopeof
this paper Here,we brie y review the mostcloselyrelatedwork
to this paper We refer interestedreaderso a numberof sureys
[15], [22].

A. Vector Field Topolagy

Much work has beendoneto addressthe extraction of vec-
tor eld topologyin two-dimensionalvector elds. Tricoche et
al. [30] and Polthier and Preuf3[21] give efcient methodsto
locate x ed points in a vector eld. Scheuermanret al. use
Clifford algebra to study the non-linear x ed points of a vector
eld [25] and presentthe approache®f visualizing higherorder
x ed pointsandnon-lineartopologyof a givenvector eld [24],
[25]. Wischgoll and Scheuermanti34] presentan algorithm for
detectingperiodic orbits in planar o ws. They also extend this
work to 3D vector elds [35] and time-dependento ws [36].
Theisel et al. [28] presenta mesh independentapproachto
computeperiodic orbits.

In general,previous topology-basedechniquesare basedon
individual trajectories.As we have seenin Figure 1, this may
leadto ambiguousnterpretatiorof the given data.To addresshis
issue,we adwcatethe use of Morse decompositionCompared
to the individual trajectory-baseanethods Morse decomposition
takes the errorsintroducedduring simulation and analysisinto
considerationgiven a certain error bound, and leadsto a more
rigorousinterpretationof the given data.

B. Morse Decompositiorand Conley Theory

Conley index theory and Morse decompositionhave been
introducedto the scienti ¢ visualization community by Zhang
etal. [38] andChenet al. [4], respectiely. Morsedecomposition
focuseson extraction and analysis of the invariant sets of a
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o w. Fixed points and periodic orbits are examplesof invariant
sets.An index called the Conley index [4] [19], identi es the
type of the invariant set. Ef cient algorithms also exist for

identifying the neighborhood=f the invariant sets [14]. Chen
et al. [4] implementa Morse decompositioralgorithm using the
geometry-basednethod. This approachguaranteeso produce
Morse decompositionsbut it is typically coarserthan what is
required(Figure 2(b)). We addresghis by employing the ideaof

t-maps(Sectionlll-D). Comparedo the geometry-basethethod,
the t-map guided methodintroducedin this papergivesrise to

a directedgraph (F ;) which encodeghe dynamicsof the given
datamoreaccurately14]. TheMCGsextractedfrom F ; are ner

thanthosefrom the geometry-basedethod(Figure 2(d)).

In this section,we presenta compactsummaryof the theories
of dynamicalsystemsuponwhich our work is built. Our discus-
sionwill focuson time-independento w only in this paper

BACKGROUND

A. Entity ConnectionGraphs(ECGSs)

A vector eld de ned on a manifold M can be expressedn
terms of a differential equationx = f(x). The set of solutions
to it givesrise to a ow on M; that is a continuousfunction

j R M! M satisfyingj (0;x) = x, for all x2 M, and

Jj (6 (sx) = j (t+sx) 1)
for all x2 M andt;s2 R. Givenx2 M, its trajectoryis

J (RX) = [ 2R (X): (2

S Misaninvariantsetif j (t;S) = Sfor all t 2 R. Obsere that
for every x2 M, its trajectoryis an invariantset. A pointx2 M
is a xed pointif j (t;x) = x for all t 2 R. More generally x is
a periodic point if thereexists T > 0 suchthatj (T;x) = x. The
trajectoryof a periodic point is called a periodic orbit.

Becausewe are consideringsystemswith invariant setssuch
as periodic orbits, the de nition of the limit of a solution with
respectto time is non-trivial. The alpha and omeya limit setsof
x2 M are
a(x) = \coclj (( ¥;1):x); w(X) =\ =0l(j ((t:¥);X))
respectiely (cl standsfor the closure).

Given a point xp 2 M, its trajectoryis a sepaatrix if the pair
of limit sets(a(xp);w(Xp)) consistsof a saddle x ed point and
anotherobjectthat can be a source,a sink, or a periodic orbit.

Thegraphillustratingthe connectvity betweenx ed pointsand
periodic orbits is called the entity connectiongraph (ECG) [4]
(Figurel (secondow), Figure2(a)).As Figurel indicatesECGs
are sensitve to noise as well as the choicesof interpolation
scheme numericalintegrationtechnique and samplingpatterns.

B. Morse ConnectionGraphs(MCGs)

We areinterestedn describingthe topologicalstructuresof the
o w generatedby avector eld x= f(x) de ned onatriangulated
surfaceX M. However, the information we are given consists

of a nite setof vectors
f fg(vi) j vi avertex of Xg

@)

obtainedeither by a numerical simulation or from experiment.
This meansthat at bestwe can assumethat we have a uniform

boundon the errorsof the obsered vector eld versusthe true
vector eld, thatis for eachv;,

if(v) fa(wii e 4)
In addition,sincewe areonly giventhe data(Eg. 3) we extend fgy
to a vector eld on X by somemeansof interpolation(typically
linearinterpolation).Assumingthat f is well approximatedy fq
it is reasonableéo assumethat the boundsof (Eq. 4) are global,
thatis jjf(x) fq(X)jj eforall x2 X.

The easiestvay to encodethe aforementionedhformationis to
considera family of vector elds F de ned on the surfaceX and
parameterizedy someabstractparameterspacelL. We assume
that for eachl 2 L, the vector eld x= F(x;/) givesriseto a
owj, :R X! X

In this setting we assumethat there exist parametervalues
l'0;112 L suchthatf(x) = F(x;/ o) andfg(x) = F(x;/ 1). Bifurca-
tion theorytellsusthatevenif I o | 1, theorbits,i.e. x edpoints,
periodic orbits, separatricespf j ;; andj;, neednot agree[9].
The implicationis that computingsuchorbits for the vector eld
fq doesnotimply that theseorbits exist for the true vector eld
f. This leadsus to wealen the topological structureswhich we
useto classify the dynamics.

A Morsedecompositiorof X fora ow j; isa nite collection
of disjoint compactinvariantsets,called Morse sets[14]

M(X:j)=tM (P ip2(P 5 1)g;

where  is a strict partial order on the indexing setP ;, such
that for every x2 Xn[ p2p, M, (p) thereexist indicesp | g
suchthat

w(x) M;(q) and a(x) M, (p):

It is easyto verify that arny structuresassociatedvith recurrent
dynamicsof j |, i.e. x ed points,periodicorbits, chaoticdynam-
ics, mustlie in the Morse sets [14]. The dynamicsoutsidethe
Morse setsis gradient-like. Morse decompositionsof invariant
setsalways exist, thoughthey may be trivial, i.e. consistingof a
single Morse set X.

Obsere that since P, is a strictly partially orderedset a
Morse decompositioncan be representeds an agyclic directed
graph. The nodesof the graph correspondto the Morse sets
and the edgesof the graph are the minimal order relations
which throughtransitvity generate ;. This graphis calledthe
Morse connectiongraph and denotedby MCG, [4] (Figures1,
2 bottomrows). Moreover, without worrying aboutthe potential
noise and numerical errors, an ECG indicatesthe nest MCG
when the vector eld hasa nite numberof x ed points and
periodic orbits, all of which have an isolating neighborhood
of their own [4]. Though, there may not exist a nest Morse
decomposition.Considerthe ow generatedby the differential
equationx’= x?sin(1=x). It hasan in nite numberof isolated
x ed points and hencethereis no nest Morse decomposition
(remembetthattherecanonly be a nite numberof Morsesets).
Any Morse decompositiorof it canbe re ned further.

C. MCG Construction

We now summarizehe pipelineof constructingan MCG given
the vector eld V de ned on a triangulatedsurface X.

First,we perform o w combinatorializationThatis, we encode
the ow dynamicsinto a directedgraph,denotedby F , whose
nodesrepresentthe elements(e.g. triangles) of the underlying
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Fig. 3. This gure illustratesthe pipeline of MCG construction.We rst

computeF (top) basedon the underlying ow. The edgesin the multi-

valued map demonstratehe mapping relationsof the polygons.Basedon
theF , we extractthe strongly connecteccomponentswhich representither
the Morse sets(middle-top,inside coloredboxes) or intermediatenodesthat
describegradient-lile behaiors (middle-top, T3, T7, T8). We then collapse
eachstrongly connectedcomponentof the F into a single node to obtain
a quotientgraphF . Note that the nodesin this graph correspondo either
Morsesetsor the polygonalregionsof gradient-like o w behaiors (i.e. trivial

Conley index). Finally, the MCG (the bottomgraph)is obtainedby collapsing
nodeswith trivial Conley index andremoving redundantdges.

meshand edgesindicatethe ow dynamicslj.e., an edgefrom
triangle T; to triangle Tj indicatesthatj (T;) T; 6 0 (Figure4,
left). The detailsof this will be describedn SectionllI-D.

Second,we nd the strongly connectedcomponentsof the
directedgraphF , which givesrise to the Morse neighborhoods
that are the polygonalregions constrainedoy the given meshin
the phasespaceThey containthe MorsesetsM(X;V) of the ow
and have a non-trivial Conley index [14] (Figure 3, middle-top).

Third, we computea quotientgraphF from F by treating
eachstrongly connectedcomponentof F as a node (Figure 3,
middle-bottom). The nodesin this quotient graph F include
Morse sets(non-trivial Conley index) andthe intermediatenodes
correspondingio the polygonal regions with gradient-lile ow
behaiors (i.e. trivial Conley index). An edgerm in F indicates
thatthereis at leastoneedgekl in F suchask= mandl = 1.

Finally, we extractthe MCG from F by remaving intermediate
nodesfrom F asillustratedin Figure 3 (the bottomgraph).The
algorithmfor MCG constructioncanbe found in [13].

To visualizethe MCG, we classifythe nodesof the MCG into
threetypes:Souce Morse sets R;, arenodesabsentof incoming
edgesin the MCG; Sink Morse sets A;, are nodes without
outgoingedgesin the MCG; SaddleMorse sets S, are neither
sourceMorsesetsnor sink Morsesets.TheR;'s arecoloredgreen,
the Ai's are coloredred andthe S's are coloredblue. According
to the partial order determinedby the edgesin the MCG, we lay
out the nodessuchthat the sourceMorse setsappearat the top
of the graph,the sink Morse setsare placedat the bottom of the
graphand the saddleMorse setsare placedbetweenthe source

V2

geometry-based ‘ ‘ t map guided

Fo eew R 200 0
@,
OLOLOL0L0L0 ® ®
® @
Fig. 4. This gure compareswo waysof performing o w combinatorializa-
tion: (left) geometry-basethethod,and(right) t -maps.In thedirectedgraphs,
eachnodecorrespondgo a triangle of the mesh.Thered triangle T = T; is

the startingtriangle, the light brown curved closureis the real imageof T,
the blue dashedriangle is the approximationof the real image.

and sink Morse sets.Figures1, 2 and 12 display the MCGs
of a numberof analytical vector elds. Comparedto the three-
layer structureof the ECG, an MCG hasa multi-layer structure,
which provides more information than the ECG. Furthermore,
unlike ECGs,saddle-saddleonnectionis a genericcasein MCG

(Figure1(b), Figure12(b)). Notethat ner classi cationof Morse
sets,e.g., SaddleMorse sets, can be realizedbasedon Conley

index theory[19].

We wish to emphasizethat some graphicsapplicationsmay
pursuethe individual trajectory-basedector eld topologywith-
out being concernedwith the fact that the obtainedECGs may
not be topologicallyrigorous,suchas, the applicationsin texture
synthesis [31], [33] and uid simulation[27]. For suchapplica-
tions, an ECG can still be extractedfrom Morse decomposition
asan additionalstep[4].

D. Flow CombinatorializationBasedon t-maps

We now turn to the issueof ow combinatorialization,.e.,
the processof generatingthe graphF basedon a vector eld
V de ned on a triangulatedmesh X. Chenet al. [4] presenta
geometry-basedpproachasfollows: The verticesof the directed
graphF correspondo thetrianglesof the mesh.The edgesof F
areobtainedby consideringhe o w behaior acrosseachedgeof
eachtriangle.An edgeT;! T; in F indicatesthe o w canenter
from T; to Tj, whereT; andT; areneighboringtriangles(Figure4,
left). We refer to the resulting directedgraphas F g. An MCG
can then be obtainedfrom F 4 using the pipeline describedin
Sectionlll-C.

Since the meshis not tted to the ow, this approachis not
guaranteedo obtain the correct dynamicsof the ow. In our
experimentswe have foundthatit oftenresultsin arathercoarse
outerapproximationof the underlyingdynamics,i.e., Morse sets
thatcontainmultiple x ed pointsandperiodicorbits (Figure2(b))
or no structuresat all (Figure 15 left column). This makes
subsequenanalysisand physical interpretationlesseffective. To
obtain the Morse decompositionthat are closerto optimal, we
introducethe conceptof t-maps,which allows us to move from
the continuoustime of a ow to discretetime of a map. This
leadsto the following de nition.

De nition 3.1: Lett : X! (0;¥) be a continuousmap.A t-
time discretizationof the ow j isa map f; : X! X de ned
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by

fe(x) = j (t(X);%):
We referto this mapasa t -map.Thus, nding Morsedecomposi-
tionsfor the owj isequivalentto nding Morsedecompositions
for f;.

The fact that X is a triangulatedsurface provides us with an
appropriatediscretizationin space.Let X be the triangulation
of X (i.e., a set of triangles).We will approximatef; using a
combinatorialmulti-valuedmapF : X (Y , thatis amapsuch
that for eachtriangle T 2 X , its imageis a setof triangles,i.e.
F(T) X.

The correctnotion of approximationis given by the following
de nition. Considerf; : X! X. The combinatorialmulti-valued
mapF : X | X isan outer approximationof f; if

fe(T) int(F (T)j)

for every T2 X wherejF (T)j := [ ror (ryR int denotesthe
interior. As anexample,we referreadergo Figure4 (right). In this

example,we assumehatthe true imageof thetriangle T = T; is

| T.Itisobtainedby adwectingT accordingo theunderlying o w

overatimet. Accordingto thede nition, theouterapproximation
of I 1 is the setof trianglesTy; Ts; Tg; T7; Ts; To; T10. Mathemati-
cally, we saythat T hasbeenmappedio multiple trianglesof the

samemeshby a function (or amap) f; thatis determinedby the
underlying o w undera certaintime t.

From the point of view of computationit is usefulto view F
as a directedgraph, which we denoteas F ;. (Figure 4, right).
Similar to F ¢, the vertices,T;, of anF ; arethe trianglesof the
underlyingmeshand the edgesindicatethe outer approximation
of the imagesof the trianglesover time t. For instancean edge
Ti! T, indicatesthat the image of the triangle T; over time t
will intersectwith the triangle T; (Figure 4, right).

Obsere that the de nition of an outerapproximationrequires
a lower boundon the setof trianglesin F (T), but not an upper
bound.In generallargerimagesof F areeasierto compute.For
example, one can obtain an outer approximation,by declaring
F (T)= X forall T2 X . However, the larger the imagethe
poorerthe approximationof the dynamicalsystemof interest,f; .
We discusshow to computean F ; in SectionlV.

E. The Stability of MCGs

The de nition of an outer approximationand the fact that
the trianglesin the strongly connectedcomponentf F form
isolating neighborhooddor the Morse setsdemonstratevhy the
MCG remainsconstantunder small perturbationsof the vector
eld (Figurel(b)).Sincef; is acontinuousnapandeachtriangle
T is compact,the image f;(T) is a compactset. If F is an
outerapproximationthenby de nition f;(T) is containedin the
interior of the setjF (T)j. Thus,this propertywill alsohold for
ary sufciently smallperturbatiorof f;, whichmeanghatgivena
multi-valuedmapfor f; we have thesameF ; for ary sufciently
smallperturbatiorof f;. Figure5 providesanillustrative example
to explain this propertyof an outerapproximationin this gure,
A triangle T = T; is adwected accordingto the original ow
(representedby the black arraws). Its image | 1 is showvn as
the closure boundedby a blue curwe. It intersectswith a set
of triangles (the shadedtriangles) Ta; Ts; Tg; T7; Tg; To; T1o Of the
mesh, which forms the outer approximationof | . When we
arti cially introducea randomperturbationfor eachvectorvalue
(shawvn as magentaarrons) and adwect the triangle T underthe

geometry-based l

Fig.5. This gure illustratesthatusingouterapproximationMorsedecompo-
sitionis stableundercertainerrorbounde. The originalimageof triangleT is

| 1 (region inside the blue curwe), andthe outer approximationof thatis the

set of shadedtrianglesTy; Ts; Tg; T7; Tg; To; T10. After a random perturbation
(shavn by magentaarrowns) of the original eld (shown by black arrows),

we recalculatethe image| - of triangle T, which is shavn as the magenta
curved closure. Although it is differentfrom | 1, the outer approximation
consistsof the samesetof the triangles.Therefore the correspondingportion

of the direction graph F ; remainsthe same.Hence,we say that Morse

decompositionis stableunderan error bound e, which hereis the maximal

allowedperturbatiorthatwill notchangehe outerapproximatiorof theimage
of eachtriangle.

nev ow, we obtaina new imagel To of it (shavn as magenta
dashedcurved closure). If we bound the perturbationof each
vectorto guaranteehatthe new obtainedmagel 2 will intersect
the same set of the triangles as the | t obtained under the
original vector eld, we will obtainthe sameouterapproximation
of the image of T. Hence, the correspondingportion of the
directedgraph F ; will not change.The MCG is consequently
stable.In other words, the outer approximationprovides more
spacefor error in the given data. We also point out that the
MCGs obtainedusingthe geometry-basethethodarealsostable.
Considerthe example shovn in Figure 5. Note that the ow
behaior acrosseach edge of the meshdoesnot changeafter
a smallerperturbation neitherdoesthe correspondingportion of
F . Therefore the MCG remainsthe same.On the otherhand.in
this settingthis neednot be the casefor ary particulartrajectory
suchasa periodicorbit or evena x edpoint. Thatis, a particular
trajectorymay be changedafter ary perturbation.Of course,we
cango onestepfurtherandinsistthatan e-neighborhooaf f;(T)
be containedn jF (T)j. We will in generalgeta coarserF ;, but
the resultingMorse decompositionsill be valid for ary vector
eld whoset-maplies within e of f;.

After applyingthe ideaof t-mapbasedMorse decomposition
to the analytical eld shavn in Figure 2, we obtain a ner
Morse decomposition(Figure 2(d)). The colored regions there
indicatethe isolating neighborhood®f the Morse sets.Different
color regionsindicatedifferentMorse sets.The o w-like texture
regions without color indicate the regions of gradient-like ow
(Sectionlll-B). The color-dottedregionsindicatethe connections
betweena saddleMorse setto anotherMorse set: source(green),
sink (red), and saddle(blue).

IV. OUR ALGORITHM FOR FLOW COMBINATORIALIZATION

In this sectionwe describea practicalalgorithmfor performing
o w combinatorializatiorbasedon t -maps.First, we explain the
computationamodelusedin this paper Theunderlyingdomainof
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Fig. 6. This gure demonstratea caseof a distortedimageof a triangle T

consistingof v4, v, andvs usinga large t. The red closedloop representsa
periodic orbit. The coloreddashlinesin the left gure shav the trajectories
of the two vertices.The light brown curved closurein theright gure shavs

therealimagel 1 of the original triangle T, while the dashtriangle TCis the
approximateimage.

thismodelis representedly atriangulatedmesh.Vectorvaluesare
de ned at the vertices,andinterpolationis usedto obtainvalues
on the edgesandinsidethe triangles.For the planarcase we use
piecevise linear interpolation.On curved surfaces,we adoptthe
interpolationschemeof Zhanget al. [38] which guaranteesector
eld continuity acrossthe verticesand edgesof the mesh.Vector
eld continuity is requiredfor rigoroustopologicalanalysis.

As we have seenin Sectionlll, when employing the idea of
t-maps,computingthe correct o w combinatorializationF ; is
the mostcrucial stepin the pipeline of the Morse decomposition.
To obtainan accurateF ¢, it is essentiato computethe accurate
(sufcient) outerapproximationof the imageof eachtriangle of
the given meshand obtainthe directededgesof F ; accordingly
In this sectionwe introduceseveral methodso computethe outer
approximationef ciently .

A. Explicit Outer ApproximationComputation

1) A Rigomous Method: This methodis applicableto arny t-
time discretizationand producesa rigorous outer approximation
assumingthat a bound e on the errorsin the underlyingvector
eld is known. Given a triangle T one coversit with squaresof
size e. For eachsquareSdene t (S = minft(x) jx2 Sg and
t (9 = maxt(x)jx2 Sg. Using rigorousenclosuretechniques
[1], [20] one obtainsan outerenclosurel s of the true image of
the squareS integratedforward for all timest (§) t t (9.
Thenl 1 =[1 s, wherethe unionis taken over all squaresS, is
an outer approximationfor f;(T).

This methodis computationallycostly First, the number of
squaresneededto cover the triangle T is of order e 2, which
for small e is large. Second,due to the Gronwall inequality [9]
the size of theimageof | s grows exponentiallyasa function of
the integrationtime. Thus, to get tight outerapproximationsne
mustchoosesmall e. On the other hand,variantsof this method
have beenusedto obtain rigorous computerassistedproofs in
dynamics[1].

2) AnAccuiate Outer ApproximationThroughOuterBoundary
Tracking: Becausewe are working with o ws, if we usea t-
time discretizationwhich is a constantfunction, then f; is a
diffeomorphismwhich is homotopicto theidentity map.Consider
atriangleT andits boundaryfT. Thenf; (T) is theboundaryof

f: (T). Thus,it is sufcient to have arigorousouterapproximation
of f;(fT) to obtaina rigorousouterapproximationof f;(T).

To computethe outer approximationof f; (fT), we rst con-
sider using the threeverticesof a triangle as the samplepoints.
For instance,in Figure 4 we trace the three verticesvy;vs;vs3
of T with ¢t time and obtain v3;v3;V3. They form an imaginary
triangle T that intersectswith a setof trianglesT;. They form
an outer approximationof the true image,| 1 (region inside the
light brown dashedcurve of Figure4, right), of T. Although this
methodcanavoid placingdensesamplesnsideatriangle,it poses
challengesFirst, the approximationmay leadto a smallerimage
thandesired.For instancejn Figure4 (right), | 1 intersectswith
triangleTy; Ts; T7, but T9doesnot. Secondit may fail to produce
anouterapproximatiorwhenusingalarget underahighly curled
eld. In Figure 6, the vertices(vy, v2 andvs) of a triangle have
beenadwectedaccordingto the underlying o w whoseimagesare
V), V9 and V3, respectiely. Using this method,we will obtaina
triangle T (the black dashtriangle) while the real image should
be the light brown cured closurel 1. A morerigorousmethod
is needed.

A rigorousouter approximationof f;(T) canbe obtainedby
covering T by squaresof size e and repeatingthe procedure
in 1. This is lesscostly than directly computing f; (T) sincethe
numberof squaresieededo cover T is of ordere 1. Onestill
hasto pay the costof the rigorousenclosurentegrationmethods
which is higherthan standardhumericalmethodsfor integrating
a singleinitial point.

It should also be noted that if one usesan arbitrary t-time
discretizatiorthen f; may ceaseto be a homeomorphismin this
casethis methodfails to guaranteethat the resulting image is
an outerapproximation.Thus,to usethis methodfor the general
t-time discretizationand to maintainrigor one needsto monitor
that the imageof T remainsa simple curve for all timesup to
timet.

The following variant, thoughnot rigorous,is reasonablysafe
aslong astheimageof T remainsa simplecune. It computes
the outer approximationof the imageof a triangle T.

1) Startfrom the two ending points of eachedge,and trace
themfor the samesmalltime Nt (Nt t), respectiely
Computethe distancebetweertheimagesof thetwo points.
If it is larger thanthe threshold(e.qg., half of the length of
the original edge),computethe middle point betweenthe
two image points, then starttracing from it aswell.
Repeat?) until reachingthe limit of time ¢.

After completingthe aforementionedsteps,we obtain the
approximatamageof the edge.Repeathe sameprocedure
to getthe imagesof the othertwo edgesof T. Computing
the intersectionof the underlying meshwith the closure
formed by the imagesof the three edgesgivesrise to the
outerapproximationof the imageof T.

2)

3)
4)

This methodstill posesseveral dif culties. First, it is dif cult
to choosea properNt to guaranteea small amountof advection
of eachsample.Secondmonitoringthe imageof an edgeincurs
a high cost that males it computationallyprohibitive for large
dataset@andfor datasetsle ned on curved surfacesthattypically
lack a global parameterizationFor some applications, better
performances desired.
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Fig. 7. Somepossiblecasesof the imageof a triangleundera o w.

B. Our MethodFor ComputingOuter Approximations

In this section,we describea methodthat can obtain enough
information of the imagel 1 throughthe tracing of verticesand
the heuristicallychosensampleson the edgesof the given mesh
without having to computethe outer approximationexplicitly.
While this methodis not rigorousin theory it works for all the
applicationswe have appliedit to in practice.

Our methodis basedon the following obsenation: the image

of a connectedbjectundera continuousmapis still connected.

More speci cally, the imageof a triangle undera t-map which
is a continuousmapis eithera connectedegion, a simple curve
or a point. And, the imageof a line sggment(e.g.an edgeof the
mesh)is a simple curve or a point. We now discussour method
in detail asfollows.

We start with the study of some possible scenariosof the
outer approximationof the image of a triangle T. Assumethat
T consistsof three verticesvi;vp;v3 and three edgese;; e; €3,
wheree; = (v2;Vv3), & = (v3;Vv1) andes = (vi;Vv2). Consideringhe
de nition of anouterapproximationin Sectionlll-D, welet I(T)
representthe outer approximationof T obtainedusing certain
numericalintegration (suchas, Runge-Kitta method).Similarly,
let 1(v;) representhe outerapproximationsof the imagesof the
threeverticesand|(g) representhe outerapproximationof the
imagesof the threeedgesof T, respectiely. Typically, 1(v;) is a
singletrianglethatcontainstheimageof v; if theintegrationerror
is smallerthanthediameterof thetriangle.To guarante®btaining
a sufcient outerapproximation,f the imageof v; is locatedat
a vertex vp, we setl(v;) to be the one-ringneighborhoodf vy
(Figure 7, caseq3) and (6)). If the imageof v; is locatedon an
edgee;, we setl(v;) to be the two trianglesthat have e; asone
commonedge(Figure 7, case(3)).

Caseq1), (2) and(3) of Figure7 shaw the rst scenarioln this
scenariol(T) [ i3:1|(Vi)- That is, we only needto tracefrom
the threeverticesof T, the union of the outer approximationsof
themwill give rise to the outerapproximationof T.

Casedq4) and(5) of Figure 7 provide examplesof Scenario2.

Fig. 8. This gure provides the notion of adaptve samplingon an edge
e(v1vp) (right). T is the original triangle. The image of edgevivs is v(fvg
The dashlines shav the mappingof the samplego the pointson the image.
The indexing of the triangles(right) indicatethe order of computation.

In this scenario,l (T) i3:1I (&). Therefore,the union of 1(v;)
will not provide us a sufcient outerapproximation(for instance,
trianglesTy; Ts; Ts of case(4) in Figure7 will be missing),but the
union of 1(g) will. This requiresus to keeptrack of the image
of anedge.SectionlV-A.2 presentsan accuratesolution,but it is
computationallyexpensve. A more ef cient methodis desired.

Algorithm 1: Adaptive sampling on an edge
Routine: adaptve_edgesamplingys, Vo, T1, original _T,
neighborT, V, X, t, L)
Input: vi,vo: two vertices;
Ty, original _T, neighborT: triangles
V: vector eld; X: surface; L: recursionlevel;
t: userspeci ed integral time
Output: the edgesin the graphF ; relatedto the two
trianglesoriginal T and neighborT
Global variables: F ;: the directedgraph
Local variables: T,: a triangle; s: a vertex
Begin
L L+1;
if (L> maximumrecursionlevel jj
jivi  v9jj, < minimum distance)
vi Vo, T o
new_edgeoriginal _T; Tq;F ¢);
new_edgefieighborT; Ty, F ¢);
return;
T, tracey, t);
if( T, == T jj sharecommonedge(y, T2) )
vi Vo, T o
new_edgeoriginal _T; Tq;F ¢);
newv_edgeteighborT; Ty F ¢);

return;
else
Vi V2; SV

V2o (Vit Vv2)=2;
call adaptve_edgesampling{1, v, Ty, original _T,
neighborT, V, X, t, L);
V2§
call adaptve_edgesampling{1, vz, Ty, original _T,
neighborT, V, X, t, L);
return;
End

Since we are interestedin the outer approximationof an
edge instead of the exact image of it, the connectedtriangle
strip that contains the image of the edge is sufcient. The
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Fig. 9. A generalexampleof the imageof a triangleundera o w shaving

the scenarioof case(6) in Figure 7. Through this example, we introduce
the idea of backward mapping. The image in the top row illustrates the
forward mapping.Thered,greenandblack dashedurvesindicatethe forward
mapping.Using adaptie edgesampling,we can nd the connectedriangle
strip (the shadedegion) thatcontaingheimageof the boundaryof thetriangle
T. The bottom row image illustrates the idea of backward mapping. The
interior verticeshave beentracedover the sametime t basedon the inversed
o w. Theimagesof themwill fall in thetriangleT. The browvn dasheccurves
indicate the backward mapping. Thus, we can obtain the remaining edges
in the directedgraph. Note that the boundaryof the forward image| 1 of

T intersectswith one vertex (highlightedby an orangecircle). To obtain a
sufcient outerapproximationyve addthe one-ringneighborhooaf thevertex

to the outerapproximation.

connectedtriangle strip we refer to hereis a triangle strip in
which a pair of neighboringtrianglessharea commonedgedue
to the aforementioneabsenation of theimageof an edgeunder
a continousmap (t  map here)(for example, Figure 8). We
introducethe idea of adaptve edgesampling(Algorithm 1). The
basicideais thatwe rst tracefrom the two verticesof an edge
e(v1; Vo) (Figure8, right). If thetwo trianglesT; andT, containing
the two adwectedverticesare the sametriangle or they sharea
commonedge,thenwe do not proces< further Otherwise more
samplesare then useduntil we obtain a connectedriangle strip
containingthe image of e. To computenev sampleswe make
use of a binary searchalong the edgee . In detail, if the two
triangles containing the imagesof the two verticesvy, v, are
neitherthe samenor neighbors,we then trace from the middle
point vy, of the line segment(vy;v2) and determinewhetherthe
triangle T3 that containsthe image of v, and the two triangles
T, and T, form a connectedriangle strip or not. If they arenot,
assumethat amongthem T; and T3 are not neighbors It means
thatwe needmoresampleson the line segment(vy; vin) to obtain
the connectedtriangle strip betweenT; and T3. Therefore,we
computethe middle point of the line sgment(v1;vy) andtrace
from it to obtain the triangle containingthe image of it. Repeat
this processuntil a connectedtriangle strip is found. Figure 8
demonstrateshe idea of this algorithm. The indexing of the
triangles indicate the order of computation.We wish to point
out that dueto a discreterepresentatiorthereis no guaranteef
nding a continuousmap under a highly divergent ow with a
larget, eventhoughwe sampledenselyalongthe edgesHowever,
we have not experienceahis problemin practice.

Using the adaptve edge sampling scheme,we successfully
computethe outer approximationof scenario2. But we will fail

Fig. 10. This gure describeshow the backward mappingandthe adaptve
edgesamplinghelp to nd the completeedgesof the directedgraphunder
a highly stretched ow. The edge (v1v2) has beensampledto obtain the
continuoustriangle strip that containsthe image of it using Algorithm 1.
The brown dashedcurwesillustrate the backward tracingalong V. (1)—(7)
indicate the samplingand tracing order Note that step (2) givesrise to the
edgeT ! T; thatis missedin the case(7) of Figure7.

undercase(6) of Figure 7, which is an example of scenario3.
In this scenario,l(T) i?;ll(a). Therefore,keeping track of
theimagesof the threeedgess not sufcient. More speci cially,
considertheimagel 1 of atriangleT undera ow V over time
t (Figure 9, top). In this case,we can nd all the trianglesthat
contain the imagesof the three edgesof T using the adaptve
edgesamplingalgorithm.But we arenot ableto nd the interior
trianglesintersectingwith | 1. We obsere thatary sampleinside
T will be mappedto theimagel 1, andary sampleinside| T
should be able to be mappedback to the interior of T as well
(Figure 9, bottom row). That is, if we sampleary point inside
eachinnertriangle,andtracethe samplepoint with respecto the
inverseow V overthe sametime t, theimageof it shouldfall
in T. Theseobsenations motivate us to introducethe backward
mappingasthe complemenbf forward mappingwhencomputing
the outer approximationof the image of a triangle. Figure 9
(bottom row) illustratesthe idea of the backward mapping.For
the updating of the graphF , if we trace backward from ary
sampleof atriangleT; over time t, andits imagefallsin triangle
Tj, we addanedgeT;! TitoF .

With the assistof backwardtracingcombinedwith the adaptve
sampingschemewe now cancomputea sufcient outerapprox-
imation for case(6) in Figure7. Furthermoremoredif cult case
could be handledas well. Considercase(7) in Figure 7, | Tt
intersectswith two triangles.Therefore the outer approximation
should include thesetwo triangles, even though the imagesof
the three verticesfall in the sametriangle. Using both adaptve
edgesamplingand backward mapping,we cancomputethe outer
approximationof this casecorrectly asfollows. We rst perform
forward tracing, which will eventually generatean edge from
triangle T to Ti. When we perform backward tracing, we rst
tracethe two verticesof edge(vi1v2) (step (1) of Figure 10) of
the edgeand determinewhetherthe two trianglescontainingthe
imagesof the verticesof the edgearenot neighborsin here,they
are not. We then choosethe middle point of the edgeand trace
from it over time t. It endsat triangle T. Therefore,we obtain
the edgefrom T to Tj, sincethe edge(vy; V) is sharedoy both
Ti andT;.

The logic of the completealgorithmis shovn in Algorithm 2.
We rst traceeachvertex v of a triangle T forward for the time
t. If it fallsin triangleT;, we addthe edgesfrom the trianglesof
the one-ringneighborsof v to T in F ;. Second,we traceeach
vertex v of T backwardwith ¢t and nd the triangle T, containing
the adwectedvertex of v. We then add the edgesfrom T, to the
one-ringneighborsof v. Note thatif theimageof v is locatedat
a vertex VO or on anedgee, T; (or T9 becomesa setof one-ring
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triangle of VP or the two trianglessharingthe edgee. Third, we
computethe imageof eachedgefollowing the original ow and
inversed o w, respectrely. The adaptve edgesamplingalgorithm
is employed to producean outer approximationin a practical
and effective manner The directededgesare addedaccordingly
during the process.Note that the algorithm doesnt deal with

the interior trianglesof animage (Figure 9) explicitly, sincethe
backwardtracingusingthe samemannerof forwardtracingstage
(i.e. proceedthe verticesand edges respectiely) will eventually
take careof thoseinterior triangles.

Algorithm 2: An ef cient outer approximation
computation
Routine: constructmultivaluemap¥, X, t, L)
Input: V: vector eld; X: surface; t: integral time
L: maximumrecursionlevel
Output: F ;: the completedgraph
Local variables: T: currenttriangle;e: currentedge;
N_T: the triangle sharingthe edgee with T;
vy,V2: the two verticesof e
Begin
for eachvertex v of X
T traceforward(, t);
new_edges(one-ringf v, T);
for eachvertex v of X
T  tracebackward{, t);
new_edges(, one-ringof v);
for eachtriangle T of X
for eachedgee of T
if eis visited
continue;
else
e visited;
V1, V2 two verticesof e
N_T  thetrianglesharinge with T;
[*forward mapping*/
call adaptve_edgesampling¢s, v, T, T,
N.T,V, X, t, L);
[*backward mapping*/
call adaptve_edgesampling(s, vo, T, T,
N.T, V, X, t,L);

End

C. Resultand Discussion

We have applied this algorithm to a number of analytical
vector elds. Figure2 providesthe comparisorof differentMorse
decompositionf a designedvector eld using the geometry-
basedmethod(b) andthe t -mapswith differenttime t's (c) (d).
The ECG of the vector eld is shavn (a). The corresponding
MCGs of the obtainedMorse decompositiongFigure 2(b-d)) are
shavn in the secondrow. From the results,we obsenre that the
geometry-baseanapping approachis fast (0:14s), but tendsto
resultin a Morse decompositionthat is too coarse(only four
Morsesetshave beenextracted),while the MCG derived from an
F : has ner Morse decompositionFigure 2(d), ten Morse sets
have beenfound). Note that the MCG in (d) matchesthe ECG
(a), althoughthey are labeleddifferently We also obsere that
the largerthe t, the ner the Morse decompositioris (i.e. closer
to the optimal). Larger t can provide more detailedinformation

10

Fig. 11. This gure shaws the densitymapsof the sampleratesof the two
analytic elds usingour algorithm.The color coding of the densitymapuses
red for the region with a larger samplingrate and blue for a lower sampling
rate.

of the ow behaior. On the otherhand,larger t requiresmore
computatiortime to constructMCGs,andlargerintegrationerrors
may be introducedaswell (Figure 6).

As is indicatedin Figure 4, the t-map approachleadsto a
combinatoriaimulti-valuedmapF with smallerimages(thanthe
geometry-basethethod)andhencea ner Morsedecomposition.
An importantpoint that can easily be overlooked is the freedom
of choicein the constructionof F . We have chosenan approach
that is a compromisebetweenaccurag of F and speedof
computation.For problemsin which computationaltime is not
a concernone can expand on the adaptve samplingtechnique
and the choice of t to re ne the images.Alternatively, if one
knows that the original vector eld containssigni cant errors,
andsincethe F needsonly to be an outerapproximationthese
errorscanbe incorporatednto the constructionof the imagesof
F (Figure 5). Thus, even in the presenceof considerablesmall
perturbation(Figure 5) one canascertairthat the resultingMCG
is valid.

An interestingobsenation is that to computethe sufcient
outerapproximationpur algorithmtendsto usemoresampledor
the o w regionswith divergentbehaiors (sourcesunderforward
mapping and sinks under backward mapping) and stretching
behaiors (separatricesmnd periodic orbits). Figure 11 provides
the density maps of samplerates of the two analytic elds
using our algorithm. The color coding of the density map uses
red for the region with a larger sampling rate and blue for a
lower samplingrate. We obsere that the regions having a larger
sampling rate tend to coincide with the regions with highly
stretched ow behaior. This veries that our backward and
forward mapping framevork combinedwith adaptve sampling
techniquelocatesthe o w regionswith high distortion correctly

V. TEMPORAL t VS. SPATIAL tg

Thet-mapintroducedpreviously refersto atime discretization,
i.e., every particletravelsfor atime t. We referto it asatemporal
t-map.In mary scienti ¢ datasets,the vector eld magnitudeof
the underlying o w varies signi cantly. If a constanttime t is
used,the adwection of sometrianglescorrespondingo the ow
region with a slow speedmay not be adwected far enoughin
order to constructthe edgesof F ;. One solution is to choose
a t that makes sure every triangle is adwectedsufciently far.
However, this is likely to affect the overall performanceand
introduceerrors.Similar problemshave appearedn texture- and
streamline-based w visualization.One popularapproachis to
normalize the vector eld before generatingthe streamlinesor
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Fig. 12. This gure shaws variousanalysisresultsof an analyticaldataset: (a) ECG, (b) MCG (geometry-basedhethod),(c) MCG (temporalt = 12) and
(d) MCG (spatialts = 0:049). The computationatime for (b)-(d) is 0:17s, 2:42s and 1:57s, respectiely. Notice how the Morse setsarere ned by usingthe
ideaof t-maps.We alsoobsene that usinga spatialt s-mapfor the analysisof this eld cangive riseto a comparabléeMorsedecompositior(having the same
Morse sets)to the one usinga temporalt with a fasterperformanceThe visualizationschemeof ECGsand MCGs are describedn Figure 1.

adwecting the textures.Under thesenormalizedvector elds, the
vectorvaluesattheverticesarescaledo have the samemagnitude
exceptfor x edpoints.Thereforethe streamlinecomputatiorcan
be executedef ciently . Motivatedby this obsenration,we propose
the ideaof a spatial t -map which we referto ts-map.

More speci cally, ats-mapis de ned on a spatialdiscretization
ts. When computinga ts-map in the computationaldomain (a
triangle mesh X here),for eachsampleof the triangle T in X
we keep track of the integral length of the samplefollowing
the ow until the accumulatedntegral length reacheshe spatial
constraintts. Sinceall the particleswill travel the samedistance
in the samespeed(e.g. the maximumspeed)everywhereexcept
for the neighborhoodsof the x ed points, one can expect a
fastercomputationthantracingwith respecto the original (non-
normalized)vector eld. Whenconsideringspatialts, we still can
reusethe framavork in Algorithm 2 to computethe F ; with only
differencebeing that we now accumulatentegral lengthinstead
of integral time. One importantconcernis how to computethe
correcttrajectorywhenthetracingentersgheneighborhoodsf the
X ed points. The basicrule is that the trajectoryshouldnot cross
ary x ed points. Fortunately the ow will slow down in those
neighborhoodsccordingto the propertiesof x ed points (where
vector magnitudeequalszero) and the continuousapproximation
of the o w guaranteedby the interpolationschemesve areusing
(SectionlV). Hence,we stoptracingwhenthe vector magnitude
is belov a certainthreshold(for instance 0:01 timesthe uniform
vectormagnitude)We point out thatafternormalizationwe have
arti cially introduceddeviation to the original vector eld.

We apply the idea of spatial ts to a designedvector eld
(Figure 12). The geometrydomain of the vector eld consists
of 6144 triangles. Ten Morse setshave beenextractedusing a
temporalt = 12. The extractiontook 2:42 secondn a 3:0 GHz
PC with 1:0 GB RAM. With a spatial ts-map (ts = 0:049), we
extractthe similar Morsesetsusingonly 1:57 secondsTheresult
of the geometry-basedethodis alsoshavn (Figure 12(b)). The
correspondindiCGsandECG of the eld arealsoshawn in the
bottomrow of Figure 12. Basedon the results,we obsene that
using a spatial ts, we can achieve fasterMorse decomposition

Fig. 13. Thevisualizationof theintegral time of different o w regionsbeing

spentundera constantpatialts. An rainbov coloring schemes used,where
the red regions indicate larger tracing time is usedand blue meanssmaller
time.

(Figure 12(d)). The useof tg also extendsour understandingf

t-maps.In the previous section,we seta constantt for all ow

regionsduring the F ; computationlt is not necessanand may
leadto distortionof the outerapproximatiorwhenlarget is used.
The succesf ts-mapsshows thatit is possibleto usedifferent
t's in different ow regions. This is becausegiven a constant
distancets and different o w speedvs, we will obtain different
tracing time t = ts=vs in different ow regions (Figure 13).

Therefore,more heuristicinformation from the dynamicsof the

ow can be emplo/ed to guide the choice of a propert for a

speci ¢ ow region. This is the challengewe plan to addressn

future research.

V1. APPLICATIONS

In this sectionwe provide thevector eld analysisresultsusing
the efcient Morse decompositionframewvork for two engine
simulationdatasets.They arethe extrapolatedboundaryvelocity

elds that are obtainedthrough simulation of in-cylinder o w.
Engineersareinterestedn knowing whetheror not the o ws on
the surfacefollow the ideal patterng[17].

Figure 14 shows the resultsof the gasenginesimulationdata.
The rst column shavs the results using the geometry-based
method.The secondand third columnsprovide the resultsusing
the temporalt -mapswith t = 0:1 andt = 0:3, respectiely. The
correspondingCGs are also displayedunderthe ow images.
We obsenre that a Morse set has beenextractedat the back of
the chamberlt shows arecurrentpatternwhich indicatesthe o w
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TABLE |

AND 15). TIMES (IN SECONDS) ARE MEASURED ON A 3:6 GHz PC wiTH 3GB RAM.

12

dataset # # edges | # Morse | time constructing| time extracting | time computing time
name() polygons| inF; sets F: Morse sets MCG total
gasengine(temporal= 0:1) 26,298 195,694 50 27.844 0.218 7.922 35.984
gasengine(temporal= 0:3) 26,298 | 215,774 57 75.357 0.25 1.219 76.826
dieselengine(temporat = 0:3) | 221,574 | 2,035,133| 200 1,101.323 7.781 37.703 1,146.807
dieselengine(spatiats= 0:08) | 221,574 | 2,167,914| 201 689.451 8.141 43.234 740.826

The EOG

(a) The MOG using the geometry-based Method

(b) The MGG wing atemporalt map (t=0.1)

(c) The MGG wing atemporal t map (=0.3)

Fig. 14. This gure comparesthe resultsof the Morse decompositionf the gas engine simulation data obtainedusing geometry-basednethod(a), a
temporalt-mapwith t = 0:1 (b) anda temporalt-mapwith t = 0:3 (c), respectiely. Note that the color disk-like region at the back of the cylinder bounds
the areaof recirculating o w correspondingo tumble motion which indicatesan ideal patternof motion with good mixing properties.Notice that using the
t-mapscangreatlyimprove the quality of the Morse decompositior(the zoomin images).The correspondindMCGs of differentMorse decompositiongnd

the ECG of the dataare alsoshavn.

startingto approximatethe ideal tumble motion. The Morse sets
obtainedbasedon a t -map captureregionsthat are morefaithful

to important features,while the approachusing the geometry-
basedmap could give rise to fewer Morse setsthat cover large
regions,whichmalkestheidenti cation of importantfeaturesmore
dif cult.

The results shavn in Figure 15 are from the diesel engine
simulation.The rst columnshavstheresultsusingthegeometry-
basedmethod.Notice the rainbav-lik e regionsindicatethe recur
rencebehaior thatdoesnot actuallyexist. Thatis, the geometry-
basedmethodgenerates Morse decompositiorwith misleading
information. In the remaining columns,we provide two Morse
decompositiorresultsof the samedatausing a temporalt-map
(t = 0:3) and a spatialts-map (ts = 0:08), respectiely. For the
temporal case,the obtainedMorse decompositioncontains200
Morse sets. It took 1;146807 secondsto obtain the result. For
the spatial case,the numberof the extracted Morse setsof the
Morse decompositioris 201. The time for computingthis Morse
decompositionis 740:826 secondsEither temporalt methodor
spatialts methodprovidesaccuratanformationof the recurrence
behaior of the bottomof thein-cylinder of the dieselengine but
the spatialts-mapshaws fasterF ; computationthantemporalt -

map scheme.
Table 1 providesthe performanceanformation of the two data
setsusingdifferentF ;s.

VIl. CONCLUSION

In this paperwe have demonstratethe fundamentadlif culties
associatedvith the de nition of vector eld topology basedon
individual trajectories.As a solution, we adwcatethe use of a
Morse connectiongraph to representthe topology of a vector
eld. Moreover, we have describedan efcient framework for
computingMorse decompositionf vector elds. Comparedto
individual trajectory-basedector eld analysisMorsedecompo-
sition andthe associatedMCG accountsor the numericalerrors
inherentin thevector eld data.This makesit moresuitablefor a
rigorousinterpretationof vector eld topology To obtaina ner
MCG thanprevious method(i.e. the geometry-basethethod),we
employ the ideaof t-mapsto perform o w combinatorialization
and encodethe ow dynamicsinto a directedgraphF ;, upon
which we performMorsedecompositionln orderto computeF ¢
efciently, we make use of both forward and backward tracing
and introduce an adaptve sampling algorithm along the edges
to accountfor the discontinuity problem while computing the
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View 1

View 2

Geometry-based Temporal Satial
y t=03 ts=0.08

Fig. 15. A comparisorof variousMorsedecomposition®f the dieselenginesimulationdataset. The rst columnshavs the Morse neighborhood®btained
usingthe geometrybasedmapping.The color rainbav-lik e regionsindicatethe possiblerecurrent o w behaior. The secondcolumnprovidesthe resultsusing
atemporalt-mapwith t = 0:3, while the third column givesthe resultsusing a spatialts mapwith ts= 0:08. Note hov muchmorere ned the topological
regions become We also obsenre that using a properspatialts, we can obtain comparableMorse decompositiorwith higher performancgSeeTable 1).

approximatemage.As an alternatve to the temporalt -map,we ACKNOWLEDGMENT
presentthe use of a spatial ts-map, which typically provides
faster computationthan temporal t-map schemewith similar
neness in the MCGs. We showv the utility of our approach
in a numberof applicationsincluding analytical data and two
engine simulation data sets on surfaces.We should point out
that the limitation of our approachis that the optimal Morse
decompositiorof avector eld undera given meshis constrained
by the resolutionof the mesh.This can potentially be x ed by REFERENCES
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