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Abstract— Existing topology-basedvector �eld analysis tech-
niques rely on the ability to extract the individual trajectories
such as �xed points, periodic orbits and separatrices which
are sensitive to noise and errors intr oduced by simulation and
interpolation. This can make suchvector �eld analysisunsuitable
for rigor ous interpretations. We advocate the use of Morse
decompositions,which are robust with respectto perturbations,
to encodethe topological structur esof a vector �eld in the form
of a dir ected graph, called a Morse connection graph (MCG).

While an MCG exists for every vector �eld, it need not be
unique. Previous techniques for computing MCGs, while fast,
are overly conservative and usually result in MCGs that are too
coarseto be useful for the applications. To addressthis issue,we
present a new technique for performing Morse decomposition
based on the concept of t -maps, which typically provides �ner
MCGs than existing techniques. Furthermor e, the choice of t
provides a natural tradeoff between the �neness of the MCGs
and the computational costs.

We provide ef�cient implementations of Morse decomposition
basedon t -maps,which include the useof forward and backward
mapping techniques and an adaptive approach in constructing
better approximations of the images of the triangles in the
meshesusedfor simulation. Furthermor e, we proposethe useof
spatial t -mapsin addition to the original temporal t -maps. These
techniques provide additional tradeoffs between the quality of
the MCGs and the speedof computation. We demonstrate the
utility of our technique with various examplesin the plane and
on surfacesincluding engine simulation datasets.

Index Terms— Vector �eld topology, uncertainty, Morse de-
composition, t -maps, Morse connection graph, �o w combinato-
rialization.

I . INTRODUCTION

Extracting and visualizing vector �eld topology has impor-
tant applicationsin ComputationalFluid Dynamics(CFD) [15],
weatherprediction,tsunamiandhurricanemodeling,andairplane
designand control. For instance,the existenceof recirculation
zones (periodic orbits) can indicate stagnant�o w which may
be undesirablein enginedesign,becausestagnant�o ws indicate
trappedheatin the engine[16].

Pastwork de�nesthetopologyof two-dimensionalvector�elds
as�x ed pointsandperiodicorbits aswell asthe separatricesthat
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connectthem[10], [4]. This leadsto a graphrepresentationof the
vector �eld which is referredto as Entity ConnectionGraph, or
ECG. However, analysisandvisualizationof vector�eld topology
basedon individual trajectoriescan raisequestionswith respect
to interpretationas the discretenatureof �uid �o w data poses
several challenges.First, datasamplesare only given at discrete
locations, such as cell vertices or cell centers. Interpolation
schemesare then used to reconstructthe vector �eld between
the given samples.Second,the given data samplesthemselves
are numericalapproximations,e.g., approximatesolutions to a
setof partialdifferentialequations.Third, thegiven �o w dataare
often only a linear approximationof the underlying dynamics.
Finally, the visualizationalgorithmsthemselves, e.g., streamline
integrators,have a certain amount of inherent error associated
with them. In short, how can we be sure that what we see is
authenticwhenextractingandvisualizingthetopologicalskeleton
of the �o w �eld? Could the error inherentto multiple numerical
approximationsproducemisleadinginformation?Figure 1 pro-
vides examplesin which proper interpretationcan be dif�cult
whenperforminganalysisbasedon individual trajectories.

Figure 1(a) shows an analytical vector �eld which contains
pitchfork bifurcation [9]. The resultsshown in the two columns
of (a) areobtainedby computingsamplevectorvaluesusingtwo
different meshes:(left) a regular triangulatedmesh with 6144
triangles,and (right) a triangulatedmesh with 1000 triangles.
Notice that usingdifferentmeshesleadsto differentECGs(third
row of Figure 1(a)). Figure 1(b) demonstratesa saddle-saddle
connectionbifurcation [9]. The imagesto the left of Figure1(b)
show the original �o w, while the imagesto the right show the
�o w that was obtainedfrom the original one after introducing
a small amount of perturbation(we have randomly perturbed
the vector direction at eachvertex by an anglebetween0� and
1� .)Notice that ECGs(third row of Figure 1(b)) are sensitive to
noise.Figure1(c) providesa caseof Hopf-bifurcation[15]. The
imageto the left of Figure1(c) (secondrow) shows the resulting
topologyusingan adaptive fourth-orderRunge-Kutta integration,
while the imageto the right illustratesthe topologyof the same
vector�eld usingasecond-orderRunge-Kuttaintegration[2] [23].
This clearly demonstratesthat the ECGs rely on the employed
numerical scheme.(The ECGs in all the example �o ws are
computedusingthealgorithmsproposedby Chenetal. [4].) These
observationsmotivatethestudyof a morereliableway of de�ning
andextractingvector �eld topologythanthe existing techniques.
We point out that addressingsuch uncertaintyin visualization
was identi�ed asoneof the most importantfuture challengesby
Johnson[12].

In order to addressthis important challengewe presenta
rather different approachto the representation,extraction and
visualizationof �o w topology. The representationof the global
dynamicsis donein termsof an acyclic directedgraphcalledthe
Morseconnectiongraph (MCG). The nodesin this graph,which
we refer to asMorsesets, correspondto polygonalregionsin the
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Fig. 1. Examplesof the instability of individual trajectory-basedvector �eld topology analysis(i.e. ECGs)due to the choiceof discretizationscheme(a),
noise(b), and the error from numericalintegrationscheme(c). (a) shows a vector �eld containingpitchfork bifurcation(k = 0:05). It illustratesthe deviated
ECGsobtainedundertwo differentdiscretizationschemes.The vector�eld shown in (b) is an example�o w having saddle-saddleconnection.The two ECGs
are computedbasedon the original result �o w and its perturbationversion.It illustratesthe possiblein�uence of the unexpectednoisein the data.(c) uses
a vector �eld with Hopf-bifurcation (k = 0:0025) to illustrate that ECGscan be different using different numericalschemes.The image to the left shows
the resulting topology using the adaptive fourth-orderRunge-Kutta integration, while the imageto the right shows the topology of the same�o w using a
second-orderRunge-Kutta integration.In the ECGsof all the example�elds, greendots indicatethe sourceor repellingperiodicorbits, red dotsrefer to sink
or attractingperiodicorbits andblue dots representsaddles.The two bottomrows provide the resultsof Morsedecompositionsandthe associatedMCGs of
these�elds using the idea of t -mapsproposedin this paper. The t 's for these�elds are 40, 20 and 80, respectively. Note that for all the examplesshown
here,the MCGs arestable.The coloredregions in the �o w-like images(the fourth row) are the Morseneighborhoodsof the extractedMorsesets.Different
colors indicatedifferentMorsesets.The color-dottedregionsindicatethe connectionbetweenMorseneighborhoods.Constrainedto the underlyingmesh,the
Morseneighborhoodsand the regionsshowing the connectionsbetweenMorseneighborhoodsmay look irregular (e.g. the Morseneighborhoodsin (a) right
and(c) left, and the connectionregions in (b)). In the MCGs, greendotsstandfor the sourceMorsesets,red dots for the sink Morsesetsandblue dots for
the saddleMorsesets.

phasespace,which we de�ne to be Morse neighborhoods. All
the recurrentdynamicsis containedin the Morseneighborhoods.
The edgesin an MCG indicate how the �o w moves from one
Morse neighborhoodto another. In contrastto trajectory-based
topologicalanalysis,suchas vector �eld skeletonand ECG, an
MCG is stablewith respectto perturbations,i.e. given suf�cient
information on errors of the vector �eld it is possibleto make
rigorous interpretationsabout the underlying dynamics[14]. In
other words, a well de�ned error, e > 0, can be boundedand
included into the map of the �o w domain.We demonstratethe
stability of MCGs in Figure1 (the last two rows).

To perform Morse decomposition,i.e., computeMCGs, Chen
et al. [4] �rst constructanotherdirectedgraphby consideringthe
behaviors of the vector �eld along edgesof the triangles,which

we referto asthegeometry-basedmethod. We referto theprocess
of encoding the �o w dynamics into a directed graph as �ow
combinatorialization. Becausethe triangulationis not adaptedto
thevector�eld, this canresultin coarseMorsesets(Figure2(b)).
In this paperwe exploit a temporaldiscretization,which we refer
to asa t -map, that is obtainedby integratinga �nite setof points
for a �nite amountof time.Theoreticallythis methodcanproduce
as detailedan MCG as is desiredand in practiceit producesa
�ner MCG (Figure2(c) (d)) thanthegeometry-basedmethod.The
key challengeswith the t -mapguidedapproacharechoosingan
appropriatetemporaldiscretizationof the �o w and constructing
a high-quality �o w combinatorialization,which is the discrete
outerapproximationof a t -map.In our implementations,we will
computeit as a directedgraph,denotedby F t undera time t .
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Fig. 2. This �gure shows the variousanalysisresultsof an experimental�eld using ECG and MCGs, respectively: (a) ECG, (b) MCG (geometry-based
method),(c) MCG (t = 6), (d) MCG (t = 24). The computationtime for (b-d) is 0:14s,1:78s,and 4:31s, respectively. Observe that the larger the t used,
the better(closerto optimal) the Morsedecompositions,but the time for computingthe Morsedecompositionincreasesaccordingly. The coloring schemeof
the MCG is describedin Figure1. Notice that the graphsshown in (a) and (d) areessentiallythe samealthoughthey are labeleddifferently. The execution
time wasmeasuredon a 3:0 GHz PC with 1:0 GB RAM. The color-dottedregionsindicatethe connectionsbetweena saddleMorsesetto anotherMorseset:
source(green),sink (red), andsaddle(blue).

From it we extract the Morsesets.
The work presentedhere yields the following bene�ts and

contributions:

1) Wepresenta theoreticallysoundframework basedonMorse
decompositionsfrom which more rigorousstatementscan
bemadewith respectto theextractionof �o w topologythan
the individual trajectory-basedanalysis(Figure1).

2) We provide a meansto obtain �ner Morsedecompositions
of a given vector �eld thanthe geometry-basedmethodby
using the idea of t -maps.A directedgraph F t obtained
using�o w combinatorializationbasedon a t -map,is intro-
duced,which we useto performMorsedecompositionand
computetheMCG. We alsoexplore theeffect of thevalues
of t on the level of details of the Morse decompositions
(Figure2).

3) We introducea computationallytractableimplementationof
the ef�cient constructionof the F t and consequently�ne
Morsedecompositions(SectionIV-B).

4) We explore theuseof spatialt s vs. temporalt , i.e., tracing
particlefor a �nite distanceinsteadof time, which provides
domain experts an alternative to the temporal t -maps to
analyzetheir data(SectionV).

5) We apply the proposedtopological analysistechniqueto
both analytical data and application-orienteddata setsin-
cluding enginesimulationdatafrom CFD on 3D surfaces
(SectionVI).

The rest of this paper is organized as follows. Section II
provides a brief review of relatedwork on vector �eld topology
analysis.SectionIII introducesthe methodologyof vector �eld
analysis using Morse decompositionsand the concept of t -
maps.The pipelineof Morsedecompositionis alsopresentedin
SectionIII. SectionIV describesa numberof practicalalgorithms
to perform �o w combinatorialization.Section V proposesthe
use of spatial t s in order to achieve faster construction of
�o w combinatorialization.Section VI shows the utility of our
approachto the enginesimulationdata followed by a summary
anddiscussionof future work in SectionVII.

I I . RELATED WORK

HelmanandHesselinkintroducedto the visualizationcommu-
nity the notion of �o w topology [10] [11]. Since then, much
researchhasbeendoneon topologicalanalysisof vector�elds in
the pasttwo decades.To review all of it is beyond the scopeof
this paper. Here,we brie�y review the mostcloselyrelatedwork
to this paper. We refer interestedreadersto a numberof surveys
[15], [22].

A. Vector Field Topology

Much work has beendone to addressthe extraction of vec-
tor �eld topology in two-dimensionalvector �elds. Tricoche et
al. [30] and Polthier and Preuß[21] give ef�cient methodsto
locate �x ed points in a vector �eld. Scheuermannet al. use
Clifford algebra to study the non-linear�x ed points of a vector
�eld [25] andpresentthe approachesof visualizinghigher-order
�x edpointsandnon-lineartopologyof a givenvector�eld [24],
[25]. Wischgoll and Scheuermann[34] presentan algorithm for
detectingperiodic orbits in planar �o ws. They also extend this
work to 3D vector �elds [35] and time-dependent�o ws [36].
Theisel et al. [28] present a mesh independentapproachto
computeperiodicorbits.

In general,previous topology-basedtechniquesare basedon
individual trajectories.As we have seenin Figure 1, this may
leadto ambiguousinterpretationof thegivendata.To addressthis
issue,we advocatethe useof Morse decomposition.Compared
to the individual trajectory-basedmethods,Morsedecomposition
takes the errors introducedduring simulation and analysisinto
considerationgiven a certain error bound,and leadsto a more
rigorousinterpretationof the given data.

B. MorseDecompositionand Conley Theory

Conley index theory and Morse decompositionhave been
introducedto the scienti�c visualization community by Zhang
et al. [38] andChenet al. [4], respectively. Morsedecomposition
focuseson extraction and analysis of the invariant sets of a
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�o w. Fixed points and periodic orbits are examplesof invariant
sets.An index called the Conley index [4] [19], identi�es the
type of the invariant set. Ef�cient algorithms also exist for
identifying the neighborhoodsof the invariant sets [14]. Chen
et al. [4] implementa Morsedecompositionalgorithmusing the
geometry-basedmethod. This approachguaranteesto produce
Morse decompositionsbut it is typically coarserthan what is
required(Figure2(b)). We addressthis by employing the ideaof
t -maps(SectionIII-D). Comparedto thegeometry-basedmethod,
the t -map guidedmethodintroducedin this papergives rise to
a directedgraph(F t ) which encodesthe dynamicsof the given
datamoreaccurately[14]. TheMCGsextractedfrom F t are�ner
than thosefrom the geometry-basedmethod(Figure2(d)).

I I I . BACKGROUND

In this section,we presenta compactsummaryof the theories
of dynamicalsystemsuponwhich our work is built. Our discus-
sion will focuson time-independent�o w only in this paper.

A. Entity ConnectionGraphs(ECGs)

A vector �eld de�ned on a manifold M can be expressedin
terms of a differential equation �x = f (x). The set of solutions
to it gives rise to a �ow on M; that is a continuousfunction
j : R � M ! M satisfyingj (0;x) = x, for all x 2 M, and

j (t; j (s;x)) = j (t + s;x) (1)

for all x 2 M andt;s2 R. Given x 2 M, its trajectory is

j (R;x) := [ t2Rj (t;x): (2)

S� M is an invariant setif j (t;S) = S for all t 2 R. Observe that
for every x 2 M, its trajectoryis an invariant set.A point x 2 M
is a �xed point if j (t;x) = x for all t 2 R. More generally, x is
a periodic point if thereexists T > 0 suchthat j (T;x) = x. The
trajectoryof a periodicpoint is calleda periodic orbit.

Becausewe are consideringsystemswith invariant setssuch
as periodic orbits, the de�nition of the limit of a solution with
respectto time is non-trivial. The alpha andomega limit setsof
x 2 M are

a (x) := \ t< 0cl(j (( � ¥ ;t);x)) ; w(x) := \ t> 0cl(j ((t;¥ );x))

respectively (cl standsfor the closure).
Given a point x0 2 M, its trajectoryis a separatrix if the pair

of limit sets(a (x0);w(x0)) consistsof a saddle�x ed point and
anotherobject that canbe a source,a sink, or a periodicorbit.

Thegraphillustratingtheconnectivity between�x edpointsand
periodic orbits is called the entity connectiongraph (ECG) [4]
(Figure1 (secondrow), Figure2(a)).As Figure1 indicates,ECGs
are sensitive to noise as well as the choices of interpolation
scheme,numericalintegration technique,andsamplingpatterns.

B. MorseConnectionGraphs(MCGs)

We areinterestedin describingthetopologicalstructuresof the
�o w generatedby a vector�eld �x= f (x) de�ned on a triangulated
surfaceX � M. However, the information we are given consists
of a �nite setof vectors

f fd(vi) j vi a vertex of Xg (3)

obtainedeither by a numericalsimulation or from experiment.
This meansthat at bestwe can assumethat we have a uniform

boundon the errorsof the observed vector �eld versusthe true
vector �eld, that is for eachvi ,

jj f (vi) � fd(vi)jj � e: (4)

In addition,sincewe areonly giventhedata(Eq.3) we extend fd
to a vector �eld on X by somemeansof interpolation(typically
linear interpolation).Assumingthat f is well approximatedby fd
it is reasonableto assumethat the boundsof (Eq. 4) areglobal,
that is jj f (x) � fd(x)jj � e for all x 2 X.

Theeasiestway to encodetheaforementionedinformationis to
considera family of vector�elds F de�ned on the surfaceX and
parameterizedby someabstractparameterspaceL . We assume
that for eachl 2 L , the vector �eld �x = F(x; l ) gives rise to a
�o w j l : R � X ! X.

In this setting we assumethat there exist parametervalues
l 0; l 1 2 L suchthat f (x) = F(x; l 0) and fd(x) = F(x; l 1). Bifurca-
tion theorytellsusthatevenif l 0 � l 1, theorbits,i.e. �x edpoints,
periodic orbits, separatrices,of j l 0

and j l 1
neednot agree[9].

The implication is that computingsuchorbits for the vector�eld
fd doesnot imply that theseorbits exist for the true vector �eld
f . This leadsus to weaken the topologicalstructureswhich we
useto classify the dynamics.

A Morsedecompositionof X for a �o w j l is a �nite collection
of disjoint compactinvariantsets,calledMorsesets[14]

M(X; j ) := f Ml (p) j p 2 (P l ; � l )g;

where� l is a strict partial order on the indexing set P l , such
that for every x 2 X n[ p2P l

Ml (p) there exist indices p � l q
suchthat

w(x) � Ml (q) and a (x) � Ml (p):

It is easyto verify that any structuresassociatedwith recurrent
dynamicsof j l , i.e. �x ed points,periodicorbits,chaoticdynam-
ics, must lie in the Morse sets [14]. The dynamicsoutsidethe
Morse sets is gradient-like. Morse decompositionsof invariant
setsalwaysexist, thoughthey may be trivial, i.e. consistingof a
singleMorsesetX.

Observe that since P l is a strictly partially orderedset a
Morse decompositioncan be representedas an acyclic directed
graph. The nodesof the graph correspondto the Morse sets
and the edges of the graph are the minimal order relations
which throughtransitivity generate� l . This graphis called the
Morse connectiongraphand denotedby MCGl [4] (Figures1,
2 bottomrows). Moreover, without worrying aboutthe potential
noise and numericalerrors, an ECG indicatesthe �nest MCG
when the vector �eld has a �nite number of �x ed points and
periodic orbits, all of which have an isolating neighborhood
of their own [4]. Though, there may not exist a �nest Morse
decomposition.Considerthe �o w generatedby the differential
equationx0 = x2 sin(1=x). It has an in�nite numberof isolated
�x ed points and hencethere is no �nest Morse decomposition
(rememberthat therecanonly be a �nite numberof Morsesets).
Any Morsedecompositionof it canbe re�ned further.

C. MCG Construction

We now summarizethepipelineof constructinganMCG given
the vector �eld V de�ned on a triangulatedsurfaceX.

First,we perform�o w combinatorialization.Thatis, we encode
the �o w dynamicsinto a directedgraph,denotedby F , whose
nodesrepresentthe elements(e.g. triangles)of the underlying
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Fig. 3. This �gure illustratesthe pipeline of MCG construction.We �rst
computeF (top) basedon the underlying �o w. The edgesin the multi-
valued map demonstratethe mapping relationsof the polygons.Basedon
the F , we extract the stronglyconnectedcomponents,which representeither
the Morsesets(middle-top,insidecoloredboxes)or intermediatenodesthat
describegradient-like behaviors (middle-top,T3, T7, T8). We then collapse
eachstrongly connectedcomponentof the F into a single node to obtain
a quotientgraphF . Note that the nodesin this graphcorrespondto either
Morsesetsor thepolygonalregionsof gradient-like �o w behaviors (i.e. trivial
Conley index). Finally, theMCG (thebottomgraph)is obtainedby collapsing
nodeswith trivial Conley index andremoving redundantedges.

meshand edgesindicate the �o w dynamics,i.e., an edgefrom
triangle Ti to triangle Tj indicatesthat j (Ti)

T
Tj 6= /0 (Figure 4,

left). The detailsof this will be describedin SectionIII-D.
Second,we �nd the strongly connectedcomponentsof the

directedgraphF , which gives rise to the Morse neighborhoods
that are the polygonalregions constrainedby the given meshin
thephasespace.They containtheMorsesetsM(X;V) of the�o w
andhave a non-trivial Conley index [14] (Figure3, middle-top).

Third, we computea quotient graph F from F by treating
eachstrongly connectedcomponentof F as a node(Figure 3,
middle-bottom).The nodes in this quotient graph F include
Morsesets(non-trivial Conley index) andthe intermediatenodes
correspondingto the polygonal regions with gradient-like �o w
behaviors (i.e. trivial Conley index). An edge

�!
mn in F indicates

that thereis at leastoneedge
�!
kl in F suchask = m and l = n.

Finally, we extracttheMCG from F by removing intermediate
nodesfrom F asillustratedin Figure3 (the bottomgraph).The
algorithmfor MCG constructioncanbe found in [13].

To visualizethe MCG, we classifythe nodesof the MCG into
threetypes:Source Morsesets, Ri , arenodesabsentof incoming
edges in the MCG; Sink Morse sets, Ai , are nodes without
outgoingedgesin the MCG; SaddleMorse sets, Si , are neither
sourceMorsesetsnorsinkMorsesets.TheRi 's arecoloredgreen,
the Ai 's arecoloredred andthe Si 's arecoloredblue. According
to the partial orderdeterminedby the edgesin the MCG, we lay
out the nodessuchthat the sourceMorse setsappearat the top
of the graph,the sink Morsesetsareplacedat the bottomof the
graphand the saddleMorse setsare placedbetweenthe source
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Fig. 4. This �gure comparestwo waysof performing�o w combinatorializa-
tion: (left) geometry-basedmethod,and(right) t -maps.In thedirectedgraphs,
eachnodecorrespondsto a triangle of the mesh.The red triangle T = T1 is
the starting triangle, the light brown curved closureis the real imageof T,
the blue dashedtriangle is the approximationof the real image.

and sink Morse sets.Figures1, 2 and 12 display the MCGs
of a numberof analyticalvector �elds. Comparedto the three-
layer structureof the ECG, an MCG hasa multi-layer structure,
which provides more information than the ECG. Furthermore,
unlike ECGs,saddle-saddleconnectionis a genericcasein MCG
(Figure1(b),Figure12(b)).Notethat �ner classi�cationof Morse
sets,e.g., SaddleMorse sets,can be realizedbasedon Conley
index theory [19].

We wish to emphasizethat somegraphicsapplicationsmay
pursuethe individual trajectory-basedvector�eld topologywith-
out being concernedwith the fact that the obtainedECGsmay
not be topologicallyrigorous,suchas,the applicationsin texture
synthesis [31], [33] and �uid simulation[27]. For suchapplica-
tions, an ECG can still be extractedfrom Morse decomposition
asan additionalstep[4].

D. Flow CombinatorializationBasedon t -maps

We now turn to the issue of �o w combinatorialization,i.e.,
the processof generatingthe graph F basedon a vector �eld
V de�ned on a triangulatedmeshX. Chen et al. [4] presenta
geometry-basedapproachasfollows: The verticesof the directed
graphF correspondto thetrianglesof themesh.Theedgesof F
areobtainedby consideringthe�o w behavior acrosseachedgeof
eachtriangle.An edgeTi ! Tj in F indicatesthe �o w canenter
from Ti to Tj , whereTi andTj areneighboringtriangles(Figure4,
left). We refer to the resultingdirectedgraphas F g. An MCG
can then be obtainedfrom F g using the pipeline describedin
SectionIII-C.

Since the meshis not �tted to the �o w, this approachis not
guaranteedto obtain the correct dynamicsof the �o w. In our
experiments,we have foundthat it oftenresultsin a rathercoarse
outerapproximationof the underlyingdynamics,i.e., Morsesets
thatcontainmultiple �x edpointsandperiodicorbits(Figure2(b))
or no structuresat all (Figure 15 left column). This makes
subsequentanalysisandphysical interpretationlesseffective. To
obtain the Morse decompositionthat are closer to optimal, we
introducethe conceptof t -maps,which allows us to move from
the continuoustime of a �o w to discretetime of a map. This
leadsto the following de�nition.

De�nition 3.1: Let t : X ! (0;¥ ) be a continuousmap.A t -
time discretizationof the �ow j is a map ft : X ! X de�ned
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by
ft (x) := j (t (x);x):

We referto this mapasa t -map.Thus,�nding Morsedecomposi-
tionsfor the�o w j is equivalentto �nding Morsedecompositions
for ft .

The fact that X is a triangulatedsurfaceprovides us with an
appropriatediscretizationin space.Let X be the triangulation
of X (i.e., a set of triangles).We will approximateft using a
combinatorialmulti-valuedmapF : X �!! X , that is a mapsuch
that for eachtriangleT 2 X , its imageis a setof triangles,i.e.
F (T) � X .

The correctnotion of approximationis given by the following
de�nition. Consider ft : X ! X. The combinatorialmulti-valued
mapF : X �!! X is an outer approximationof ft if

ft (T) � int (jF (T)j)

for every T 2 X where jF (T)j := [ R2F (T)R, int denotesthe
interior. As anexample,wereferreadersto Figure4 (right). In this
example,we assumethat the true imageof the triangleT = T1 is
I T . It is obtainedby advectingT accordingto theunderlying�o w
overa timet . Accordingto thede�nition, theouterapproximation
of I T is the set of trianglesT4;T5;T6;T7;T8;T9;T10. Mathemati-
cally, we saythat T hasbeenmappedto multiple trianglesof the
samemeshby a function (or a map) ft that is determinedby the
underlying�o w undera certaintime t .

From the point of view of computationit is useful to view F
as a directedgraph,which we denoteas F t . (Figure 4, right).
Similar to F g, the vertices,Ti , of an F t are the trianglesof the
underlyingmeshand the edgesindicatethe outerapproximation
of the imagesof the trianglesover time t . For instance,an edge
Ti ! Tj indicatesthat the image of the triangle Ti over time t
will intersectwith the triangleTj (Figure4, right).

Observe that the de�nition of an outerapproximationrequires
a lower boundon the setof trianglesin F (T), but not an upper
bound.In generallarger imagesof F areeasierto compute.For
example, one can obtain an outer approximation,by declaring
F (T) = X for all T 2 X . However, the larger the image the
poorertheapproximationof thedynamicalsystemof interest,ft .
We discusshow to computean F t in SectionIV.

E. TheStability of MCGs

The de�nition of an outer approximationand the fact that
the trianglesin the strongly connectedcomponentsof F form
isolatingneighborhoodsfor the Morsesetsdemonstratewhy the
MCG remainsconstantunder small perturbationsof the vector
�eld (Figure1(b)).Since ft is a continuousmapandeachtriangle
T is compact,the image ft (T) is a compactset. If F is an
outerapproximation,thenby de�nition ft (T) is containedin the
interior of the set jF (T)j. Thus, this propertywill alsohold for
any suf�ciently smallperturbationof ft , whichmeansthatgivena
multi-valuedmapfor ft we have thesameF t for any suf�ciently
smallperturbationof ft . Figure5 providesanillustrative example
to explain this propertyof an outerapproximation.In this �gure,
A triangle T = T1 is advected according to the original �o w
(representedby the black arrows). Its image I T is shown as
the closure boundedby a blue curve. It intersectswith a set
of triangles(the shadedtriangles)T4;T5;T6;T7;T8;T9;T10 of the
mesh,which forms the outer approximationof I T . When we
arti�cially introducea randomperturbationfor eachvectorvalue
(shown as magentaarrows) and advect the triangle T underthe

T1

T2

T3

T4

T5

T6

T7

T8
T9

T10

T

I T

v1

v1’

v3

v2’

v3’

v2

I T’

v1’’

v2’’

v3’’

T1

T3T2

T6

T4

T5

T8
T9

T7
T10Ft

......T1 T3T2 T6T4 T5

T8 T9T7 T10Fg
......

t  map guidedgeometry-based 

Fig. 5. This �gure illustratesthatusingouterapproximation,Morsedecompo-
sition is stableundercertainerrorbounde. Theoriginal imageof triangleT is
I T (region insidethe blue curve), andthe outerapproximationof that is the
set of shadedtrianglesT4;T5;T6;T7;T8;T9;T10. After a randomperturbation
(shown by magentaarrows) of the original �eld (shown by black arrows),
we recalculatethe imageI 0

T of triangle T, which is shown as the magenta
curved closure.Although it is different from I T , the outer approximation
consistsof thesamesetof the triangles.Therefore,thecorrespondingportion
of the direction graph F t remains the same.Hence, we say that Morse
decompositionis stableunderan error bounde, which hereis the maximal
allowedperturbationthatwill notchangetheouterapproximationof theimage
of eachtriangle.

new �o w, we obtain a new imageI 0
T of it (shown as magenta

dashedcurved closure). If we bound the perturbationof each
vectorto guaranteethat thenew obtainedimageI 0

T will intersect
the same set of the triangles as the I T obtained under the
original vector�eld, we will obtainthesameouterapproximation
of the image of T. Hence, the correspondingportion of the
directedgraph F t will not change.The MCG is consequently
stable. In other words, the outer approximationprovides more
spacefor error in the given data. We also point out that the
MCGsobtainedusingthegeometry-basedmethodarealsostable.
Consider the example shown in Figure 5. Note that the �o w
behavior acrosseach edge of the mesh does not changeafter
a smallerperturbation,neitherdoesthe correspondingportion of
F g. Therefore,theMCG remainsthesame.On theotherhand,in
this settingthis neednot be the casefor any particulartrajectory
suchasa periodicorbit or evena �x edpoint. That is, a particular
trajectorymay be changedafter any perturbation.Of course,we
cango onestepfurtherandinsistthatane-neighborhoodof ft (T)
becontainedin jF (T)j. We will in generalgeta coarserF t , but
the resultingMorse decompositionswill be valid for any vector
�eld whoset -map lies within e of ft .

After applying the ideaof t -mapbasedMorsedecomposition
to the analytical �eld shown in Figure 2, we obtain a �ner
Morse decomposition(Figure 2(d)). The colored regions there
indicatethe isolatingneighborhoodsof the Morsesets.Different
color regions indicatedifferentMorsesets.The �o w-like texture
regions without color indicate the regions of gradient-like �o w
(SectionIII-B). Thecolor-dottedregionsindicatetheconnections
betweena saddleMorsesetto anotherMorseset:source(green),
sink (red), andsaddle(blue).

IV. OUR ALGORITHM FOR FLOW COMBINATORIALIZATION

In thissection,wedescribeapracticalalgorithmfor performing
�o w combinatorializationbasedon t -maps.First, we explain the
computationalmodelusedin thispaper. Theunderlyingdomainof
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Fig. 6. This �gure demonstratesa caseof a distortedimageof a triangleT
consistingof v1, v2 andv3 usinga large t . The red closedloop representsa
periodicorbit. The coloreddashlines in the left �gure show the trajectories
of the two vertices.The light brown curved closurein the right �gure shows
the real imageI T of theoriginal triangleT, while thedashtriangleT0 is the
approximateimage.

thismodelis representedby a triangulatedmesh.Vectorvaluesare
de�ned at the vertices,and interpolationis usedto obtainvalues
on the edgesandinsidethe triangles.For the planarcase,we use
piecewise linear interpolation.On curved surfaces,we adoptthe
interpolationschemeof Zhanget al. [38] which guaranteesvector
�eld continuity acrossthe verticesandedgesof the mesh.Vector
�eld continuity is requiredfor rigoroustopologicalanalysis.

As we have seenin SectionIII, when employing the idea of
t -maps,computingthe correct �o w combinatorializationF t is
themostcrucial stepin thepipelineof theMorsedecomposition.
To obtainan accurateF t , it is essentialto computethe accurate
(suf�cient) outerapproximationof the imageof eachtriangleof
the given meshandobtainthe directededgesof F t accordingly.
In this section,we introduceseveralmethodsto computetheouter
approximationef�ciently .

A. Explicit Outer ApproximationComputation

1) A Rigorous Method: This methodis applicableto any t -
time discretizationand producesa rigorousouter approximation
assumingthat a bounde on the errors in the underlyingvector
�eld is known. Given a triangleT onecovers it with squaresof
size e. For eachsquareS de�ne t � (S) = minf t (x) j x 2 Sg and
t � (S) = maxf t (x) j x 2 Sg. Using rigorousenclosuretechniques
[1], [20] oneobtainsan outerenclosureI S of the true imageof
the squareS integratedforward for all times t � (S) � t � t � (S).
ThenI T = [ I S, wherethe union is taken over all squaresS, is
an outerapproximationfor ft (T).

This method is computationallycostly. First, the number of
squaresneededto cover the triangle T is of order e� 2, which
for small e is large. Second,due to the Gronwall inequality [9]
the sizeof the imageof I S grows exponentiallyasa function of
the integration time. Thus,to get tight outerapproximationsone
mustchoosesmall e. On the otherhand,variantsof this method
have beenusedto obtain rigorous computerassistedproofs in
dynamics[1].

2) An AccurateOuterApproximationThroughOuterBoundary
Tracking: Becausewe are working with �o ws, if we use a t -
time discretizationwhich is a constantfunction, then ft is a
diffeomorphismwhich is homotopicto theidentity map.Consider
a triangleT andits boundary¶T. Then ft (¶T) is theboundaryof

ft (T). Thus,it is suf�cient to havea rigorousouterapproximation
of ft (¶T) to obtaina rigorousouterapproximationof ft (T).

To computethe outer approximationof ft (¶T), we �rst con-
sider using the threeverticesof a triangle as the samplepoints.
For instance,in Figure 4 we trace the three vertices v1;v2;v3
of T with t time and obtain v0

1;v0
2;v0

3. They form an imaginary
triangle T0, that intersectswith a set of trianglesTi . They form
an outerapproximationof the true image,I T (region inside the
light brown dashedcurve of Figure4, right), of T. Although this
methodcanavoid placingdensesamplesinsidea triangle,it poses
challenges.First, the approximationmay leadto a smallerimage
thandesired.For instance,in Figure4 (right), I T intersectswith
triangleT4;T5;T7, but T0 doesnot. Second,it may fail to produce
anouterapproximationwhenusinga larget underahighly curled
�eld. In Figure 6, the vertices(v1, v2 and v3) of a triangle have
beenadvectedaccordingto theunderlying�o w whoseimagesare
v0

1, v0
2 and v0

3, respectively. Using this method,we will obtain a
triangleT0 (the black dashtriangle)while the real imageshould
be the light brown curved closureI T . A more rigorousmethod
is needed.

A rigorousouterapproximationof ft (¶T) canbe obtainedby
covering ¶T by squaresof size e and repeatingthe procedure
in 1. This is lesscostly thandirectly computing ft (T) sincethe
numberof squaresneededto cover ¶T is of ordere� 1. Onestill
hasto pay the costof the rigorousenclosureintegrationmethods
which is higher thanstandardnumericalmethodsfor integrating
a single initial point.

It should also be noted that if one usesan arbitrary t -time
discretizationthen ft may ceaseto be a homeomorphism.In this
casethis method fails to guaranteethat the resulting image is
an outerapproximation.Thus,to usethis methodfor the general
t -time discretizationand to maintainrigor oneneedsto monitor
that the imageof ¶T remainsa simplecurve for all timesup to
time t .

The following variant, thoughnot rigorous,is reasonablysafe
as long asthe imageof ¶T remainsa simplecurve. It computes
the outerapproximationof the imageof a triangleT.

1) Start from the two endingpoints of eachedge,and trace
themfor the samesmall time Ñt (Ñt � t ), respectively

2) Computethedistancebetweentheimagesof thetwo points.
If it is larger than the threshold(e.g.,half of the lengthof
the original edge),computethe middle point betweenthe
two imagepoints, thenstart tracing from it aswell.

3) Repeat2) until reachingthe limit of time t .
4) After completingthe aforementionedsteps,we obtain the

approximateimageof theedge.Repeatthesameprocedure
to get the imagesof the other two edgesof T. Computing
the intersectionof the underlying mesh with the closure
formed by the imagesof the threeedgesgives rise to the
outerapproximationof the imageof T.

This methodstill posesseveral dif�culties. First, it is dif�cult
to choosea properÑt to guaranteea small amountof advection
of eachsample.Second,monitoringthe imageof an edgeincurs
a high cost that makes it computationallyprohibitive for large
datasetsandfor datasetsde�ned on curvedsurfacesthat typically
lack a global parameterization.For some applications,better
performanceis desired.
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Fig. 7. Somepossiblecasesof the imageof a triangleundera �o w.

B. Our MethodFor ComputingOuter Approximations

In this section,we describea methodthat can obtain enough
informationof the imageI T throughthe tracingof verticesand
the heuristicallychosensampleson the edgesof the given mesh
without having to computethe outer approximationexplicitly.
While this methodis not rigorousin theory, it works for all the
applicationswe have appliedit to in practice.

Our methodis basedon the following observation: the image
of a connectedobjectundera continuousmapis still connected.
More speci�cally, the imageof a triangle undera t -map which
is a continuousmapis eithera connectedregion, a simplecurve
or a point. And, the imageof a line segment(e.g.an edgeof the
mesh)is a simplecurve or a point. We now discussour method
in detail as follows.

We start with the study of some possible scenariosof the
outer approximationof the imageof a triangle T. Assumethat
T consistsof three verticesv1;v2;v3 and three edgese1;e2;e3,
wheree1 = (v2;v3), e2 = (v3;v1) ande3 = (v1;v2). Consideringthe
de�nition of anouterapproximationin SectionIII-D, we let I (T)
representthe outer approximationof T obtainedusing certain
numericalintegration (suchas,Runge-Kutta method).Similarly,
let I (vi) representthe outerapproximationsof the imagesof the
threeverticesandI(ei) representthe outerapproximationsof the
imagesof the threeedgesof T, respectively. Typically, I (vi) is a
singletrianglethatcontainstheimageof vi if theintegrationerror
is smallerthanthediameterof thetriangle.To guaranteeobtaining
a suf�cient outer approximation,if the imageof vi is locatedat
a vertex vp, we set I (vi) to be the one-ringneighborhoodof vp
(Figure7, cases(3) and (6)). If the imageof vi is locatedon an
edgeej , we set I (vi) to be the two trianglesthat have ej as one
commonedge(Figure7, case(3)).

Cases(1), (2) and(3) of Figure7 show the�rst scenario.In this
scenario,I (T) � [ 3

i= 1I (vi). That is, we only needto tracefrom
the threeverticesof T, the union of the outerapproximationsof
themwill give rise to the outerapproximationof T.

Cases(4) and(5) of Figure7 provide examplesof Scenario2.

T

T1

T2

T5

T4

T6

T3

T7

T8 T9

v1

v2

v1’

v2’
e

vm

Fig. 8. This �gure provides the notion of adaptive samplingon an edge
e(v1v2) (right). T is the original triangle. The image of edgev1v2 is v0

1v0
2.

The dashlines show the mappingof the samplesto the pointson the image.
The indexing of the triangles(right) indicatethe orderof computation.

In this scenario,I (T) � [ 3
i= 1I (ei). Therefore,the union of I (vi)

will not provide usa suf�cient outerapproximation(for instance,
trianglesT1;T3;T5 of case(4) in Figure7 will bemissing),but the
union of I (ei) will. This requiresus to keeptrack of the image
of anedge.SectionIV-A.2 presentsanaccuratesolution,but it is
computationallyexpensive. A moreef�cient methodis desired.

Algorithm 1: Adaptive sampling on an edge
Routine: adaptive edgesampling(v1, v2, T1, original T,
neighborT, V, X, t , L)
Input: v1,v2: two vertices;

T1, original T, neighborT: triangles
V: vector �eld; X: surface; L: recursionlevel;
t : userspeci�ed integral time

Output: the edgesin the graphF t relatedto the two
trianglesoriginal T andneighborT
Global variables: F t : the directedgraph
Local variables: T2: a triangle; s: a vertex
Begin
L  L + 1;
if (L > maximumrecursionlevel jj

jj v1 � v2jj 2 < minimum distance)
v1  v2; T1  T2;
new edge(original T;T1;F t );
new edge(neighborT;T1;F t );
return;

T2 trace(v2, t );
if( T1 == T2 jj sharecommonedge(T1, T2) )

v1  v2; T1  T2;
new edge(original T;T1;F t );
new edge(neighborT;T1;F t );
return;

else
v1  v2; s  v2;
v2  (v1 + v2)=2;
call adaptive edgesampling(v1, v2, T1, original T,

neighborT, V, X, t , L);
v2  s;
call adaptive edgesampling(v1, v2, T1, original T,

neighborT, V, X, t , L);
return;
End

Since we are interestedin the outer approximation of an
edge insteadof the exact image of it, the connectedtriangle
strip that contains the image of the edge is suf�cient. The
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Fig. 9. A generalexampleof the imageof a triangleundera �o w showing
the scenarioof case(6) in Figure 7. Through this example, we introduce
the idea of backward mapping. The image in the top row illustrates the
forwardmapping.Thered,greenandblackdashedcurvesindicatetheforward
mapping.Using adaptive edgesampling,we can �nd the connectedtriangle
strip (theshadedregion) thatcontainstheimageof theboundaryof thetriangle
T. The bottom row image illustrates the idea of backward mapping.The
interior verticeshave beentracedover the sametime t basedon the inversed
�o w. The imagesof themwill fall in thetriangleT. Thebrown dashedcurves
indicate the backward mapping.Thus, we can obtain the remainingedges
in the directedgraph.Note that the boundaryof the forward image I T of
T intersectswith one vertex (highlightedby an orangecircle). To obtain a
suf�cient outerapproximation,weaddtheone-ringneighborhoodof thevertex
to the outerapproximation.

connectedtriangle strip we refer to here is a triangle strip in
which a pair of neighboringtrianglessharea commonedgedue
to the aforementionedobservation of the imageof an edgeunder
a continous map (t � map here)(for example, Figure 8). We
introducethe ideaof adaptive edgesampling(Algorithm 1). The
basicidea is that we �rst tracefrom the two verticesof an edge
e(v1;v2) (Figure8, right). If thetwo trianglesT1 andT2 containing
the two advectedverticesare the sametriangle or they sharea
commonedge,thenwe do not processe further. Otherwise,more
samplesare then useduntil we obtain a connectedtriangle strip
containingthe image of e. To computenew samples,we make
use of a binary searchalong the edgee . In detail, if the two
triangles containing the imagesof the two vertices v1, v2 are
neither the samenor neighbors,we then trace from the middle
point vm of the line segment(v1;v2) and determinewhetherthe
triangle T3 that containsthe imageof vm and the two triangles
T1 andT2 form a connectedtrianglestrip or not. If they arenot,
assumethat amongthem T1 and T3 are not neighbors,It means
that we needmoresampleson the line segment(v1;vm) to obtain
the connectedtriangle strip betweenT1 and T3. Therefore,we
computethe middle point of the line segment(v1;vm) and trace
from it to obtain the triangle containingthe imageof it. Repeat
this processuntil a connectedtriangle strip is found. Figure 8
demonstratesthe idea of this algorithm. The indexing of the
triangles indicate the order of computation.We wish to point
out that dueto a discreterepresentation,thereis no guaranteeof
�nding a continuousmap undera highly divergent �o w with a
larget , eventhoughwesampledenselyalongtheedges.However,
we have not experiencedthis problemin practice.

Using the adaptive edge sampling scheme,we successfully
computethe outerapproximationof scenario2. But we will fail

?
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(2)

(3)

(4)

(6)

T

Ti
Tj

v1’

v2’

v2

v1

(5)

(7)

Fig. 10. This �gure describeshow the backward mappingandthe adaptive
edgesamplinghelp to �nd the completeedgesof the directedgraphunder
a highly stretched�o w. The edge (v1v2) has been sampledto obtain the
continuoustriangle strip that containsthe image of it using Algorithm 1.
The brown dashedcurves illustrate the backward tracing along � V. (1)–(7)
indicate the samplingand tracing order. Note that step(2) gives rise to the
edgeT ! Tj that is missedin the case(7) of Figure7.

undercase(6) of Figure 7, which is an exampleof scenario3.
In this scenario,I (T) � [ 3

i= 1I (ei). Therefore,keeping track of
the imagesof the threeedgesis not suf�cient. More speci�cially,
considerthe imageI T of a triangleT undera �o w V over time
t (Figure 9, top). In this case,we can �nd all the trianglesthat
contain the imagesof the three edgesof T using the adaptive
edgesamplingalgorithm.But we arenot ableto �nd the interior
trianglesintersectingwith I T . We observe thatany sampleinside
T will be mappedto the imageI T , and any sampleinside I T
shouldbe able to be mappedback to the interior of T as well
(Figure 9, bottom row). That is, if we sampleany point inside
eachinner triangle,andtracethesamplepoint with respectto the
inverse�o w � V over thesametime t , the imageof it shouldfall
in T. Theseobservationsmotivate us to introducethe backward
mappingasthecomplementof forwardmappingwhencomputing
the outer approximationof the image of a triangle. Figure 9
(bottom row) illustratesthe idea of the backward mapping.For
the updatingof the graph F , if we trace backward from any
sampleof a triangleTi over time t , andits imagefalls in triangle
Tj , we addan edgeTj ! Ti to F .

With theassistof backwardtracingcombinedwith theadaptive
sampingscheme,we now cancomputea suf�cient outerapprox-
imation for case(6) in Figure7. Furthermore,moredif�cult case
could be handledas well. Considercase(7) in Figure 7, I T
intersectswith two triangles.Therefore,the outerapproximation
should include thesetwo triangles,even though the imagesof
the threeverticesfall in the sametriangle. Using both adaptive
edgesamplingandbackwardmapping,we cancomputetheouter
approximationof this casecorrectlyasfollows. We �rst perform
forward tracing, which will eventually generatean edge from
triangle T to Ti . When we perform backward tracing, we �rst
trace the two verticesof edge(v1v2) (step (1) of Figure 10) of
the edgeanddeterminewhetherthe two trianglescontainingthe
imagesof theverticesof theedgearenot neighbors.In here,they
are not. We then choosethe middle point of the edgeand trace
from it over time t . It endsat triangle T. Therefore,we obtain
the edgefrom T to Tj , sincethe edge(v1;v2) is sharedby both
Ti andTj .

The logic of the completealgorithmis shown in Algorithm 2.
We �rst traceeachvertex v of a triangleT forward for the time
t . If it falls in triangleTi , we addthe edgesfrom the trianglesof
the one-ringneighborsof v to Ti in F t . Second,we traceeach
vertex v of T backwardwith t and�nd the triangleT0

i containing
the advectedvertex of v. We then add the edgesfrom T0

i to the
one-ringneighborsof v. Note that if the imageof v is locatedat
a vertex v0 or on an edgee, Ti (or T0

i ) becomesa setof one-ring
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triangle of v0 or the two trianglessharingthe edgee. Third, we
computethe imageof eachedgefollowing the original �o w and
inversed�o w, respectively. Theadaptive edgesamplingalgorithm
is employed to producean outer approximationin a practical
and effective manner. The directededgesare addedaccordingly
during the process.Note that the algorithm doesn't deal with
the interior trianglesof an image(Figure 9) explicitly, sincethe
backward tracingusingthesamemannerof forward tracingstage
(i.e. proceedthe verticesandedges,respectively) will eventually
take careof thoseinterior triangles.

Algorithm 2: An ef�cient outer approximation
computation

Routine: constructmultivaluemap(V, X, t , L)
Input: V: vector �eld; X: surface; t : integral time

L: maximumrecursionlevel
Output: F t : the completedgraph
Local variables: T: currenttriangle;e: currentedge;

N T: the trianglesharingthe edgee with T;
v1,v2: the two verticesof e

Begin
for eachvertex v of X

T  traceforward(v, t );
new edges(one-ringof v, T);

for eachvertex v of X
T  tracebackward(v, t );
new edges(T, one-ringof v);

for eachtriangleT of X
for eachedgee of T

if e is visited
continue;

else
e  visited;
v1;v2  two verticesof e;
N T  the trianglesharinge with T;
/*forward mapping*/
call adaptive edgesampling(v1, v2, T, T,

N T, V, X, t , L);
/*backward mapping*/
call adaptive edgesampling(v1, v2, T, T,

N T, � V, X, t , L);
End

C. Resultand Discussion

We have applied this algorithm to a number of analytical
vector�elds. Figure2 providesthecomparisonof differentMorse
decompositionsof a designedvector �eld using the geometry-
basedmethod(b) andthe t -mapswith different time t 's (c) (d).
The ECG of the vector �eld is shown (a). The corresponding
MCGs of the obtainedMorsedecompositions(Figure2(b-d)) are
shown in the secondrow. From the results,we observe that the
geometry-basedmappingapproachis fast (0:14s), but tendsto
result in a Morse decompositionthat is too coarse(only four
Morsesetshave beenextracted),while theMCG derived from an
F t has�ner Morse decomposition(Figure 2(d), ten Morse sets
have beenfound). Note that the MCG in (d) matchesthe ECG
(a), althoughthey are labeleddifferently. We also observe that
the larger the t , the �ner the Morsedecompositionis (i.e. closer
to the optimal). Larger t can provide more detailedinformation

Fig. 11. This �gure shows the densitymapsof the sampleratesof the two
analytic�elds usingour algorithm.The color codingof the densitymapuses
red for the region with a larger samplingrateandblue for a lower sampling
rate.

of the �o w behavior. On the other hand,larger t requiresmore
computationtime to constructMCGs,andlargerintegrationerrors
may be introducedaswell (Figure6).

As is indicated in Figure 4, the t -map approachleads to a
combinatorialmulti-valuedmapF with smallerimages(thanthe
geometry-basedmethod)andhencea �ner Morsedecomposition.
An importantpoint that caneasilybe overlooked is the freedom
of choicein the constructionof F . We have chosenan approach
that is a compromisebetweenaccuracy of F and speedof
computation.For problemsin which computationaltime is not
a concernone can expand on the adaptive sampling technique
and the choice of t to re�ne the images.Alternatively, if one
knows that the original vector �eld containssigni�cant errors,
andsincethe F needsonly to be an outerapproximation,these
errorscanbe incorporatedinto the constructionof the imagesof
F (Figure 5). Thus, even in the presenceof considerablesmall
perturbation(Figure5) onecanascertainthat the resultingMCG
is valid.

An interestingobservation is that to compute the suf�cient
outerapproximation,our algorithmtendsto usemoresamplesfor
the �o w regionswith divergentbehaviors (sourcesunderforward
mapping and sinks under backward mapping) and stretching
behaviors (separatricesand periodic orbits). Figure 11 provides
the density maps of sample rates of the two analytic �elds
using our algorithm. The color coding of the densitymap uses
red for the region with a larger sampling rate and blue for a
lower samplingrate.We observe that the regionshaving a larger
sampling rate tend to coincide with the regions with highly
stretched�o w behavior. This veri�es that our backward and
forward mapping framework combinedwith adaptive sampling
techniquelocatesthe �o w regionswith high distortioncorrectly.

V. TEMPORAL t VS. SPATIAL t s

Thet -mapintroducedpreviously refersto a timediscretization,
i.e.,every particletravelsfor a time t . We referto it asa temporal
t -map.In many scienti�c datasets,the vector�eld magnitudeof
the underlying �o w varies signi�cantly. If a constanttime t is
used,the advection of sometrianglescorrespondingto the �o w
region with a slow speedmay not be advected far enoughin
order to constructthe edgesof F t . One solution is to choose
a t that makes sure every triangle is advectedsuf�ciently far.
However, this is likely to affect the overall performanceand
introduceerrors.Similar problemshave appearedin texture- and
streamline-based�o w visualization.One popularapproachis to
normalize the vector �eld before generatingthe streamlinesor
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Fig. 12. This �gure shows variousanalysisresultsof an analyticaldataset: (a) ECG, (b) MCG (geometry-basedmethod),(c) MCG (temporalt = 12) and
(d) MCG (spatialt s = 0:049). The computationaltime for (b)-(d) is 0:17s, 2:42s and1:57s, respectively. Notice how the Morsesetsarere�ned by using the
ideaof t -maps.We alsoobserve that usinga spatialt s-mapfor the analysisof this �eld cangive rise to a comparableMorsedecomposition(having the same
Morsesets)to the oneusinga temporalt with a fasterperformance.The visualizationschemeof ECGsandMCGs aredescribedin Figure1.

advecting the textures.Under thesenormalizedvector �elds, the
vectorvaluesat theverticesarescaledto have thesamemagnitude
exceptfor �x edpoints.Therefore,thestreamlinecomputationcan
beexecutedef�ciently . Motivatedby this observation,we propose
the ideaof a spatial t -map, which we refer to t s-map.

More speci�cally, a t s-mapis de�ned on a spatialdiscretization
t s. When computinga t s-map in the computationaldomain (a
triangle meshX here), for eachsampleof the triangle T in X
we keep track of the integral length of the sample following
the �o w until the accumulatedintegral lengthreachesthe spatial
constraintt s. Sinceall the particleswill travel the samedistance
in the samespeed(e.g. the maximumspeed)everywhereexcept
for the neighborhoodsof the �x ed points, one can expect a
fastercomputationthantracingwith respectto the original (non-
normalized)vector�eld. Whenconsideringspatialt s, we still can
reusetheframework in Algorithm 2 to computetheF t with only
differencebeing that we now accumulateintegral length instead
of integral time. One importantconcernis how to computethe
correcttrajectorywhenthetracingenterstheneighborhoodsof the
�x ed points.The basicrule is that the trajectoryshouldnot cross
any �x ed points. Fortunately, the �o w will slow down in those
neighborhoodsaccordingto the propertiesof �x ed points(where
vectormagnitudeequalszero)andthe continuousapproximation
of the �o w guaranteedby the interpolationschemeswe areusing
(SectionIV). Hence,we stoptracingwhenthe vectormagnitude
is below a certainthreshold(for instance,0:01 timesthe uniform
vectormagnitude).We point out thatafternormalization,we have
arti�cially introduceddeviation to the original vector �eld.

We apply the idea of spatial t s to a designedvector �eld
(Figure 12). The geometrydomain of the vector �eld consists
of 6144 triangles.Ten Morse setshave beenextractedusing a
temporalt = 12. The extractiontook 2:42 secondson a 3:0 GHz
PC with 1:0 GB RAM. With a spatial t s-map (t s = 0:049), we
extract thesimilar Morsesetsusingonly 1:57 seconds.Theresult
of the geometry-basedmethodis alsoshown (Figure12(b)).The
correspondingMCGs andECG of the �eld arealsoshown in the
bottom row of Figure 12. Basedon the results,we observe that
using a spatial t s, we can achieve fasterMorse decomposition

Fig. 13. Thevisualizationof the integral time of different�o w regionsbeing
spentundera constantspatialt s. An rainbow coloringschemeis used,where
the red regions indicate larger tracing time is usedand blue meanssmaller
time.

(Figure 12(d)). The useof t s also extendsour understandingof
t -maps.In the previous section,we seta constantt for all �o w
regionsduring the F t computation.It is not necessaryandmay
leadto distortionof theouterapproximationwhenlarget is used.
The successof t s-mapsshows that it is possibleto usedifferent
t 's in different �o w regions. This is becausegiven a constant
distancet s and different �o w speedvs, we will obtain different
tracing time t = t s=vs in different �o w regions (Figure 13).
Therefore,more heuristic information from the dynamicsof the
�o w can be employed to guide the choice of a proper t for a
speci�c �o w region. This is the challengewe plan to addressin
future research.

VI . APPLICATIONS

In thissection,weprovide thevector�eld analysisresultsusing
the ef�cient Morse decompositionframework for two engine
simulationdatasets.They arethe extrapolatedboundaryvelocity
�elds that are obtainedthrough simulation of in-cylinder �o w.
Engineersare interestedin knowing whetheror not the �o ws on
the surfacefollow the ideal patterns[17].

Figure14 shows the resultsof the gasenginesimulationdata.
The �rst column shows the results using the geometry-based
method.The secondand third columnsprovide the resultsusing
the temporalt -mapswith t = 0:1 andt = 0:3, respectively. The
correspondingMCGs are also displayedunder the �o w images.
We observe that a Morse set hasbeenextractedat the back of
thechamber. It shows a recurrentpatternwhich indicatesthe�o w
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TABLE I
THE COMPLEXITY AND TIMING RESULTS FOR TWO CFD DATA SIMULATING IN-CYLINDER FLOW THROUGH A COMBUSTION ENGINE (FIGURES 14

AND 15). TIMES (IN SECONDS) ARE MEASURED ON A 3:6 GHZ PC WITH 3GB RAM.

dataset # # edges # Morse time constructing time extracting time computing time
name(t ) polygons in F t sets F t Morsesets MCG total

gasengine(temporalt = 0:1) 26,298 195,694 50 27.844 0.218 7.922 35.984
gasengine(temporalt = 0:3) 26,298 215,774 57 75.357 0.25 1.219 76.826

dieselengine(temporalt = 0:3) 221,574 2,035,133 200 1,101.323 7.781 37.703 1,146.807
dieselengine(spatialt s = 0:08) 221,574 2,167,914 201 689.451 8.141 43.234 740.826

(a) The MCG using the geometry-based Method (b) The MCG using a temporal t map (t =0.1) (c) The MCG using a temporal t map (t =0.3)

The ECG

Fig. 14. This �gure comparesthe resultsof the Morse decompositionsof the gas enginesimulation data obtainedusing geometry-basedmethod(a), a
temporalt -mapwith t = 0:1 (b) anda temporalt -mapwith t = 0:3 (c), respectively. Note that the color disk-like region at the backof the cylinder bounds
the areaof recirculating�o w correspondingto tumblemotion which indicatesan ideal patternof motion with goodmixing properties.Notice that using the
t -mapscangreatly improve the quality of the Morsedecomposition(the zoomin images).The correspondingMCGs of differentMorsedecompositionsand
the ECG of the dataarealsoshown.

startingto approximatethe ideal tumblemotion. The Morsesets
obtainedbasedon a t -mapcaptureregionsthat aremorefaithful
to important features,while the approachusing the geometry-
basedmap could give rise to fewer Morse setsthat cover large
regions,whichmakestheidenti�cation of importantfeaturesmore
dif�cult.

The results shown in Figure 15 are from the diesel engine
simulation.The�rst columnshowstheresultsusingthegeometry-
basedmethod.Notice therainbow-like regionsindicatetherecur-
rencebehavior thatdoesnot actuallyexist. That is, thegeometry-
basedmethodgeneratesa Morsedecompositionwith misleading
information. In the remainingcolumns,we provide two Morse
decompositionresultsof the samedatausing a temporalt -map
(t = 0:3) and a spatial t s-map (t s = 0:08), respectively. For the
temporalcase,the obtainedMorse decompositioncontains200
Morse sets.It took 1;146:807 secondsto obtain the result. For
the spatial case,the numberof the extractedMorse setsof the
Morsedecompositionis 201.The time for computingthis Morse
decompositionis 740:826 seconds.Either temporalt methodor
spatialt s methodprovidesaccurateinformationof the recurrence
behavior of thebottomof the in-cylinder of thedieselengine,but
thespatialt s-mapshows fasterF t computationthantemporalt -

mapscheme.
Table1 provides the performanceinformationof the two data

setsusingdifferentF t s.

VI I . CONCLUSION

In thispaper, wehavedemonstratedthefundamentaldif�culties
associatedwith the de�nition of vector �eld topology basedon
individual trajectories.As a solution, we advocatethe use of a
Morse connectiongraph to representthe topology of a vector
�eld. Moreover, we have describedan ef�cient framework for
computingMorse decompositionsof vector �elds. Comparedto
individual trajectory-basedvector�eld analysis,Morsedecompo-
sition andthe associatedMCG accountsfor the numericalerrors
inherentin thevector�eld data.This makesit moresuitablefor a
rigorousinterpretationof vector �eld topology. To obtaina �ner
MCG thanpreviousmethod(i.e. thegeometry-basedmethod),we
employ the ideaof t -mapsto perform�o w combinatorialization
and encodethe �o w dynamicsinto a directedgraph F t , upon
which we performMorsedecomposition.In orderto computeF t
ef�ciently , we make use of both forward and backward tracing
and introducean adaptive samplingalgorithm along the edges
to accountfor the discontinuity problem while computing the
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Geometry-based
t = 0.3

View 1

View 2
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t s = 0.08

   Spatial

Fig. 15. A comparisonof variousMorsedecompositionsof the dieselenginesimulationdataset.The �rst columnshows the Morseneighborhoodsobtained
usingthegeometrybasedmapping.Thecolor rainbow-like regionsindicatethepossiblerecurrent�o w behavior. Thesecondcolumnprovidestheresultsusing
a temporalt -mapwith t = 0:3, while the third columngives the resultsusinga spatialt s mapwith t s = 0:08. Note how muchmorere�ned the topological
regionsbecome.We alsoobserve that usinga properspatialt s, we canobtaincomparableMorsedecompositionwith higherperformance(SeeTable1).

approximateimage.As an alternative to the temporalt -map,we
presentthe use of a spatial t s-map, which typically provides
faster computationthan temporal t -map schemewith similar
�neness in the MCGs. We show the utility of our approach
in a number of applicationsincluding analytical data and two
engine simulation data sets on surfaces.We should point out
that the limitation of our approachis that the optimal Morse
decompositionof a vector�eld undera givenmeshis constrained
by the resolutionof the mesh.This can potentially be �x ed by
usingothergraphicstechniques,suchas�o w-guidedremeshingor
subdivision. Our framework allows engineersto choosebetween
individual trajectory-basedtopologyanalysisgiven its instability
and relatively stableanalysis,or choosebetweenhigher perfor-
manceandhigherquality whenapplyingthemorestableanalysis.

There are a number of future directions.First, MCGs have
the potentialof enablinga multi-scalerepresentationof the �o w,
which can be usedto guide vector �eld clustering,vector �eld
compressionandautomaticsimpli�cation. Second,explorationof
t magnitudein differentregionsof thedomainis important.Third,
exploring a discreteintegration schemeto computethe discrete
function (i.e., the multi-valued map, F ), may further improve
the performanceof our methodas well. Finally, thereis a need
to extend the work to time-dependentvector �elds.
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