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Abstract

Under subcell discretisation for viscoelastic flowe have given further consideration to the
compatibility of function spaces for stress/velpajtadient approximation (see [JNNFM, special issue
AERC 2006). This has been conducted through theethcheme discretisations (quefpar), fe(sc) and
fe/fsc)). In this companion study, we have extendedapplication of the original implementation for
velocity gradient approximation, which was of lasatl superconvergent recovered form, continuous and
quadratic on the parerfe-triangular element. This has led to the considemabf both localised
(pointwise) and global (Galerkin weighted-residuabproximations for velocity gradients, highligtgin
some of their advantages and disadvantages. Epoésentation is based on linear/quadratic orden upo
parent or subcell element stencils. We considerayttl modelling and the contraction flow benchmark,
covering abrupt and rounded-corner planar geonseffiee localised super-convergent quadratic vetocit
gradient treatment affords strong stability anduaacy properties for the three scheme variartsough
associated analysis, we have successfully linketalapproximations to their localised counterparts
depicting the inadequacy of inaccurate but stablsions through their corresponding solution fesgur
The inaccuracy of the global treatment can be regahrough an increase in mass iteration numbes. T
efficiency of localised schemes is particularlyative over their global alternatives, being lessrictive
to choice of spatial-order. Such schemes cometimgio own when chosen to represent strongly loedlis

solution features, such as arise in non-smoothslow
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1. Introduction

This article follows on from its precursor studyncerned with the properties of subcell discretiseti
for viscoelastic flows [1]. There, we introducedhew subcell finite-element stress approximatiorhimit
the framework of an incremental pressure-correcfiopcedure, motivated by earlier successful hybrid
finite element/volume implementations [2-4]. In,[b}e focussed on the primary aspects of: compyibil
of solution function spaces and implications orsdr{) representation; finite element to finite volume
spatial discretisation issues, covering upwindihgices in either context and improvements thereupon
enhancing stability upon the resulting variants Staain-rate Stabilisationsee [5] In this study, we
particularly consider alternative choices undemngiy gradient representation and their functioacsp
compatibility in the light of the foregoing studihis leads to consideration of both localised (pwise-
construction) and global (Galerkin weighted-reslfagproximations for velocity gradients; contingou
and of linear or quadratic order, upon both pammtsubcell element reference. Tesselations are of
triangular form, inherently unstructured, yet takdrsomewhat regular form. The benchmark problem of
contraction flow is retained, introduced earlier[i}, of both abrupt (non-smooth) and rounded-corne

(smooth) varieties, oncemore subsuming the Old®ydedel for sake of consistency.

Under viscoelastic flows, the addition of a weaksfo stress constitutive equation imposes
supplementary compatibility conditions on admissitoiterpolation spaces for velocity-gradientii); It

has been found sufficient for convergence thatethislds should lie in finite dimensional spaces
compatible with the choices selected for the primatress variables, S(DU)DS(T)) (extended
Ladysenskaja-Babuska-Brezzi LBB conditions, see Marchal and Crochet [6], Fortid &ortin [7],

Baaijens [8], reDG-schemes). The consequence of deviation from sanditions often appears in the
form of numerical oscillations and poor stabiligsponse. The order of accuracy in representation fo
velocity-gradients plays a significant role in shatisfaction of such extendé®B conditions. Two main
avenues have been developed for the treatmentlofityegradients. The first approach is a localised
treatment (based on either quadratic or linearrpaiation, upon both parent or subcell element
reference). The second approach is a global fotmoualavhich applies a weighted-residual approxinmatio
on the whole computational domain. Through bothregghes, velocity gradients are considered as
continuous derived fields (recoveradGR). This is similar to the position under Elastices®bus-Stress
Splitting EVS$ schemes and their discret®EVSISUPG DEVSIDG) and adaptive AVSS/SI
AVSS/SUPBvariants, see [7-12]). Through the choice ofatere solver employed for the global velocity
gradient solution, we are able to draw upon thémaktdentity for some localised approximations.sTh

reveals their equivalence in stabilisation prosstibut their deterioration in degree of accuracgen
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mass lumping. We are able to pinpoint the consempsenf the lack of satisfaction &pace-inclusion
extended LBB-conditionon some velocity gradient/stress combinations. Fhaéisfaction of such
conditions is also identified. This has ramificasofor both pressure-correction and coupled-system

formulations, such as those commonly quoted uB#arSSvariants, see Baaijens [8,12].

In Webster and co-workers [9,13], both local armbgl schemes were analysed and compared. There,
a direct method was based on averaging of the itglgadient contributions at a node over the elaime
in which it lies. For midside nodes, this providesperconvergent properties. The global Galerkin
approach alternatively fits an appropriate setadah gradient values that satisfy an associatedhied
residual formulation. A variant of this Galerkin thed is based on an element-wise approximation and
subsequent averaging. Hawkenal. [13] found that the local method offered betterfmenance, for
solution gradients in problems such as flow pastliader. Likewise, Matallalet d. [9] conducted similar
analysis on a 4:1 contraction problem and flow atba cylinder, observing that the local recovery
technique was more stable than a local Galerkirivatgnt. Much of this and similar work is summadse
in Walters and Webster [14].

In previous study [1], we dealt with the localissoproach alone and adopted a single approximation
for velocity-gradients representation, that of le=d superconvergent recovery cited in [9,13].sThi
interpolation is continuous and quadratic on thepie-triangular element. There, we analysed the effect
of stress approximation through the implementatibthree different interpolation schemes: qdegar),
where we applied a quadratic stress approximatidheaparent element level; and a subcell line@sst
approximation, delivering two schemes, hylfiedf(sc) andfe(sc) variants. Previous studies showed that
the combination of quadratic interpolation for \@tg-gradients on the parent element with the slibce
linear approximation for stress within the consiitel equation grants a stable scheme, superidrabodf

its quadratic counterpart, whilst maintaining acsetthird order of spatial convergence rate [1,15].

In the present study, we investigate the velocigdignt treatment under the same three schemes
introduced earlier in [1], identified through theitress interpolation variants. Here, base fornsuath
schemes is retained, that iISUPGquadfe, SUPG-fésc) and LDB-fe/f\(sc), see reference [1] for
notational detail In Table |, we categorised variable interpolatiorder selection and element reference
with respect to these base-schemes. Careful attenéis been given to the order of interpolatiostadss
and velocity gradients. Originally in [1], quadmatielocity gradient interpolation was consideredtlom
parent element, regardless of the order of strasspiolation (being quadratic on the parent ordimen

the subcell). In the present study and in additethe original velocity-gradient interpolation dabed

! SUPG streamwise upwind Petrov-Galerkfs;formulation;LDB, low diffusion B-schemdy-formulation.
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above, we consider a linear velocity-gradient apipnation on the subcell, alongside its related silibc

linear stress interpolation.

We consider, as in [1], both non-smooth and sm@otiblem settings, adopting planar flow for an
Oldroyd-B fluid in either sharp or rounded-cornet planar contractions. A schematic representatfon
the geometry, problem specification and boundandimns are provided in Fig. 1, alongside a loxedi
corner zoom to illustrate mesh quality around tbeti@action zone. Under the rounded-corner contracti
setting (R=2/3, rounding), we are able to isoldte tonsequence of lip-vortex removal, in contrast t
sharp-corner solutions. Extensive mesh refinemeatyais has been conducted elsewhere under both
problem configurations [1,3,16], where accuracytigh mesh convergence was established. For the 4:1
contraction problem, the literature abounds wittadan vortex behaviour, a fact that we exploit ur 0
reporting of results. On the numerical side, retévaredictions have also been performed by Renardy
[17], Oliveira and co-workers [18,19], and Webstad co-workers [3,5,20]. On the experimental side,
related results are reported in Evans and Wal&t2p], Boger [23], and more recently, by McKinley
and co-workers [24,25]. We have extensively ingggd this problem in our recent work relatinghe t
quadfe(par) scheme [16]. Further analysis on fi#\(sc}scheme has been explored in [1,5]. In all such
studies under a sharp-corner setting and an OldBoyabodel, we observe inhibition in salient-corner

vortex intensity with increasing elasticity, anchancement of the lip-vortex whenever present.

2. Governing equation and numerical algorithms

To specify the problem and under the assumptiomsathermal, viscoelastic, incompressible fluid

flow, the constitutive equation (CE) for stress rayexpressed for the Oldroyd-B model as:

Wea—tr=2ﬂ19 Fr-Weur -7 [Du~(riDu)’), 1)
where U and7 represent velocity, and extra-stress, respectivebyal stress may be segregated into

viscous and elastic partd, =24,D + 7, and the rate-of-deformation is defined througé telocity
gradient, L} =0u, as: D = (Lu + L )/2 (boxed in Eq(1)). The zero shear viscosity is did into

polymeric (,ul) and viscous(/Jz) contributions andVeis the dimensionless Weissenberg number. Under

weighted-residual approximatiome or fv, the fully discrete equivalent CE for stress idraoted as
expressed in [1]. For example, to extract a gerteral as forr [([Ju in afe-framework, we first define the
SUPG-weighting:

@ +a"ulle, j=1,6 (par-quadratic
W = (2a)

Y, +a"uly, k=13 (sc-inear)
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Jox(lrmu] da=[ x(W[rog] @ - [ x(J[re ()] Lef ()] @.

According to the choice of the stress Weight(rmi ) the interpolation functionﬁw},wﬁ) and domain

space, we gather the various alternatives discussiedv. Note fv-weighting utilises a constant function
in space (unity). In the present study, we appeaktracted nodal values for the velocity-gradaamd rate
of deformation, that we employed directly withirettiscrete CE for stress. The nodal values forate

of deformation may be expressed in a planar frafmeference as,

G, ()=t el 1o =12 (2b)
X)=— [ =1, ’ =1,
ke 2| 0%, 0% ?

This may be approximated in either a localiseddr global G) manner, implemented on the parent-
element based on quadratic interpolatiQudd-VGR-[, or linear interpolationlL{n-VGR-L) applied to

subtended subcell constructs.

2.1 Local velocity gradient treatmer@uad-VGR-LandLin-VGR-L

Locally, and considering the area of each elemewblved in the evaluation of velocity-gradient
components (see Fig. 2), two interpolation fornmes @ffered for local, recovered velocity-gradieriibe
first is based on a quadratic interpolation on plaeent elementQuad-VGR-), compatible with both
quadratic (quade(par)) and subcell lineafg/f\sc), fe(sc)) stress approximations. Currently, findings of
earlier study [1] are recalled. The second altéraas a linear velocity-gradient fornki6-VGR-L) which
is compatible with the linear subcell stress vagafe/fsc), fe(sc)). The generalised local (pointwise-
construction) approximations are of area-weighfingn to account for departure from mesh uniformity.
Simplified forms emerge under the assumption offm&sformity. Once nodal velocity-gradient values
have been extracted, the two-stage recovery proeg@y utilises the appropriatie-basic functions to

construct &VGRrepresentation.

2.1.1 Quadratic, area-weighting:
We first provide the formulation for a quadratidoaty-gradientinterpolation on the parent element,

expressed under evaluation at nade

Np 6 T ) ¢
> Q> 1199 u) .09 u)
H e=1 j:lz axkz ' axki ’

Gk, (¥) = _ ’ ®)
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oM _
where Q' =>"Q, , Q,

is a parent triangular element attached to nod®f number N, over its

e=1

compact support, with quadratic basis functiész(x), j=1, 6) .

2.1.2 Linear, area-weighting:
At this junction, the subcell format is employedi{hnstress and velocity-gradient being both lindar.

this instance, the area of the subcell elemef? jsand N is the number of subcells surrounding node
with linear basis functior(syﬁk(x), k=1,3). Expression (3) is adjusted accordingly, viz.

Nsc i 3 1 aw ] al// ) €
Zg“[zz{a‘ukﬂ*‘%

=1 =1 X, an1

Ny
D9

e=1

G, () = (4)

Note that if ¢;(x) is linear: ¢ (x)=a +alx +al x_ ; thus, its derivatives are constants

(at/lj/(?)q(l:aljl:cst and (3t,l/J-/6><k2 =ak'2:cst). If the triangular elements (parents or subcells)

surrounding a node are all of the same size, bo#dumgtic and linear area-weighting formulae sinyplif

(avoids area weighting) to:

3 [ $2199 1,99,

. =12 | 0%, . 0%, “ 5
X) = , a
ey N (52)

oo Np _
with Q' = ZQ‘e =N, Q, for quadratic representation , or

e=1

3 1 61,1/ . aw . ¢ Nsc( 3

Zz{axj U;1+6XKJU¢2H Z{Z
ks 9 j=1

Gy, (X) = N = N (Sb)

SC SC

Nsc
with Q' = ZQ'e =N, Q' for linear representation. Typically, the evalaatof expression (5b) for one

e=1

component (sayk;,k,) =(x,X)) simplifies to:
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aluj]
(6)

say, withx, = x andU, =U . We continue with this component choice and notelielow.

2.2 Global velocity gradient treatmer@uad-VGR-Gnd Lin-VGR-G

Under the global treatment, the algebraic statenoérthe problem for velocity-gradients may be
solved either by direct or iterative proceduresdifect approach is adopted under conventi@al/SS
implementations [7,8]. To suit present needs aradyais, we develop the use of an iterative apprageh
Jacobi-iteration. Under various settings, this pernaccess to theoretical counterparts to localised
solutions (under a single iterative sweep, masging), as well as those gradually approaching the
iterative converged-state for global domain-baseth$ (based on, say, five iterative sweeps andenjgh
The algebraic problem may be expressed accorditigetmterpolation employed as:

M G=h, (7a)

or, in the first componenky) form over rowi, columnj,

(Mij)(GQx)z(h)' (7b)

A Jacobi iterative solution procedure under iterathumber identifies iteration components,, , and

XX !

diagonalised preconditione(r[\/l i )d , Viz.
Gxiz[MdJﬂb+(l—[MdI1M)(§w (8)

The assembled mass matfix is gathered from the elemental mass matrix cantiohs M ®, via the

global Boolean transformation matricds,, and the element sum,

Nelm
M=) L,MeL]. 9)

e=1

A similar assembly procedure applies equally toneletal contribution$® for the right-hand-sidé -

vector, and likewise to the diagonal mass malfi% .

Considering elemental contributions (pre-assembdy)d according to the interpolation employed

through the selected scheme, components of mdfixand right-hand-side vectd® may be expressed

as:
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0@ _
I(pl @, dQ  (quadte), I(g a—(ade U'  (quadfe),
X
Mg = Qe and pe =% (10)
1 a . .
[ww dao (subcel, [v %dQ U'  (subcell).
X
QSC

QSC

Next, we establish the triangular elemental leftdh sSide mass matrices for both linear interpatatio

schemes fe(sc) ande/f(sc), followed by the right-hand-side terms. Masgrines are,

2 1 1 1 1 1
(M) “8sely o g, (m°) =8y g g (11a)
fe(sc) 12 1 1 2 fe/ fv( so 3 11 1

We note that the direct elemenfalfsc) mass matrix would deliver a singular systerd #ms
demands some form of preconditioning to yield aat@wlution, such as diagonalisation, or equivdyent
Median-Dual-Cell (MDC) treatment [4,15] (see below)o extract preconditioners per scheme for

iteration (8), we proceed with diagonalisation,ranv-sum form to enhance iterative conditioning [15]

yielding
o [+09 o [rtoo0 300 100
d
(me) ===l0 4 o|="=0 1 0, (m°) =2 3 g|=q |0 1 0 (11b)
fe(sg 12 3 fel M(s9 3
00 4 00 1 00 3 001

Correspondingly, we consider right-hand-side terbfs,and note the constant nature of gradients on
the subcell, of valug}). Furthermore, the weighting fde/f(sc) is unity (¢ =1;i=1,3), which

simplifies matters somewhat further. The resuledemental right-hand side terms fefsc) andfe/fy(sc)

are, respectively,

1 1
Q El S 3
(b‘e)fe(sc) ey i ;ak] v (ble)fe/ Mg~ 2se i ;ak] u'. (11c)

If we now consider iteration (8), under mass lurgpione iteration), with=0 and initial guess. =0,

then MG = b for the first base iteratéG. . Hence, considering elemental contributions peest,

2! Q.

r Q.
€@2+2)! 6

- 1_Q
(2+2) 12

[ w da =202 =
QSC

2 Based on,J‘ W2 dQ =20

, l//I l//j dQ= 2QSC sc
QSC KS[C 3! 3
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o [L 00 0 .
=selo 1 of|(e) ==Y alul |, (122)
3 XX/ te(s9 3 L
0 0 1] )=
100 1],
1 - i |, 12b
Q.0 1 0 (GXX)WMS(j Qsclzaku (12b)
0 0 1 )7
Thus, we identify the collapse of schemes to previte equivalence(,c;ix)f o= (G>1<><) o s under
e(s S

the assumptions of row-sum mass lumping iteratmnfé(sc) and MDC forfe/f\(sc). As suchfe(sc)
discretisation is exactly equivalentf@f\sc)for global velocity gradient treatmefd general theorem, of
wider application; proof above). Note that, thebamental expressions (12) also pinpoint identityhwi
expression (6) of thein-VGR-L scheme. Hence, we atteeoreticallyable to linkglobal approximations
to theirlocalised counterpartsia the iterative formalism (Corollary 1). Likewisan equivalence may be
established between Median Dual Cell (MDC) appr@tion and diagonalisation of the fuk/fy(sc)

system (Corollary 2). One may observe that MDC agipnation evaluates elemental integrals for mass

matrix and right-hand side vector over the MDC—a(rQ%C = QSC/3). Hence, the following identity may

be established betwee(m/l e)d and (M e)dd , when appealing to direct diagondt) extraction for
MDC fel fv(s9
the later,
1 00 0 1 00 1
e\d _ Qg [, e\dd _1iie\d 13
(M )MDC‘QMDC 0 1 0[="%01 0|=(M )fe/fv(so—S(M )m e (13)
0 01 0 01

We identify below in section 4, the relationshigviaeen various iteration number sweeps and solution
dependency (domain penetration-Corollary 3). Byreasing the number of Jacobi iterations, more
elements (rings) are incorporated within the catoh of the nodaVGR-G leading to more accurate
velocity gradient evaluation through domain perteirg with converged/GR-G solutions approaching
those obtained through the (loc@lyad-VGR-Lireatment.

In this study and for consistency sake, we follogirailar pattern for presentation of results aglijp
exposing numerical findings based on alternatileestes and velocity gradient treatments. We report o
critical levels ofWe (We.;;) to which convergence could be maintained, stpgefiles and contours at
common selecteWe=2.5 and aWWe,, VGRfields and on vortex characteristics. We are alsle to point

to specific advantages of the localised velocitgdignt treatment in contrast to its global couraerp/Ne



F. Belblidia et al.,  Alternative subcell discretisations for viscoelastic flow: Velocity gradient approximation Page 10 of 41

commence with the analysis for the local treatmensection 3, followed in section 4 by the global

approach.

3. Localised velocity gradient treatment

In this section, we introduce detailed findingstamo localised velocity-gradient treatmentGR-1),
of quadratic Quad-VGR-). and linear in-VGR-L) representations. The analysis of stress profites
fields, velocity gradient fields and vortex behawiags performed to judge the stability propertiéste

VGR-Ltreatment applied. We also investigate the efféetrea-averaging and rounded-corner solutions.

3.1 Sharp-corner solutions

The sharp-corner setting provides a useful linkdtegorise the role of the solution singularity mpo

different schemes, which exhibits a large stresesslacalised to the corner.

Stress profiles with increasing WEirst and based on no-area-averaging methodoleg¥ig. 3, we
observe the contrast of localised velocity-gradiessitments\{GR-L), of linear (ons¢ and quadratic (on
par) representation, across our three-base schemegebtd# our earlier results faQuad-VGR-L[1],
which demonstrate that the subcell approach fasstis superior in high-elasticity attainment tatth
using the parent-element alone. Also, seeking sisitatWe of 2.8 and above, we observe thafsc)
shows enhanced properties abde#\(sc), in the tighter capture of the corner stresskpand its

undershoot (first-dip beyond the corner).

Shifting attention in contrast tbin-VGR-L, we gather significant further gains in enhancidbisty,
practically doubling levels oWe,;; achieved withQuad-VGR-L This is similar in findings observed in
early work [1], to the results upon applicationtiog Strain-Rate-StabilisatioiSR$ technique. At larger
levels of We beyond three, we begin to see transmission ofugmations along the wall-profiles. The
fe(sc}form abovefe/f(sc) restrains stress-peak values, dip-levels and segeaks, which may be
guantified at sayWe=4.0. This leads to a larger level\We,; attained of 5.7 fofe(sc), as opposed to 4.6
for fe/fy(sc). In this extendedlVerange withrising We we also observe thdie/fsc)-profiles begin to
display increasingly more exaggerated oscillatanynf just prior to the second stress-peak. We mubce

to investigate further the properties of these swwebelow.

3.2 Influence of area-averaging

In contrast to results of Fig. 3, we next consitlee application of area-averaging on velocity-
gradients. Under current meshes that are highlylaegthis additional strategy is found to havéditif
any, impact on solution smoothness upMe;=2.6 and with theQuad-VGR-Lcase. WithQuad-VGR-L
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fe(sc), there is restriction oWwe,; by one unit. To say more on this issue, we foauio-VGR-L fésc)
results which attain largé¥esolutions, say atVe=5.0, to detect that the first stress-peak is #iygarger
with area-averaging, yet the second-peak (refl@asereduced. Note that the position of this seepedk
coincides with the change in mesh density obsensat the boundary exit wall at24, a localised
phenomenon. Levels dlVe,; are consequently slightly lowered over non-aresraging alternatives,
through bothfe(sc) andfe/f(sc)-schemes. Undde/fsc) and the extended/erange above three, we
identify in stress-profiles that area-averaging ¢@ssiderably damped oscillations just prior to skeond

stress-peak, present without area-averaging.

A detailed view of Fig. 4draws out solution-profile adjustment in the viginof mesh-change,
according to inclusion of area-weighting or notwahocity gradient stencils. This is most prominatthe
larger level ofWe=4.5 and withfe/f\(sc); the impact offie(sc) is minimal. Clearlyfv-weighting is more
sensitive tharfe-counterpart over such averaging treatment of vigtagadients. Upon this basis, we
interrogate more closely solution states on théd figithout area-averaging, nevertheless commenting
upon its inclusion. Stress fields corroborate axrsshemes for subcritical and criticAlesolutions;

differences with area-weighting go undetected efigid.

3.2.1 Stress and velocity gradients fields

At selectedWelevel, only minor differences in stress field aketected between quadratic and linear
velocity gradient interpolation forms (not showrh addition, we observe no stress oscillations
streamwise and crosswind at subcrititéé for both velocity gradients approximations indegemt of
scheme employed. For velocity gradient solutiond anWe=2.5 underQuad-VGR-L.fields are smooth,
for bothfe(sc) andfe/f\(sc) variants, as shown in Fig. 5. Furthermoreillasary-free Quad-VGR-Hields
are enjoyed up to their respectiwr,; attained for each scheme alternative. Upon switcho theLin-
VGR-Limplementation and under botie(sc) andfe/f\sc) variants, we observe the emergence of
oscillations atWe=2.5, that worsen with risingVe up to critical level. This occurs mainly streamwise
whilst travelling along the downstream wall. The&afure undeLin-VGR-Lform proves responsible for

transmission to the stress profiles, as shownegarli

3.2.2 Vortex behaviour:

VGR-L:streamline patterns are displayed in Figamed there is no difference detected via area-
averaging. Therefore oncemore, only findings with@anea-averaging are presenteguad-VGR-L
produces consistency with published solutions atexabehaviour through risirgye[5,18], both in terms
of trends in salient-corner and lip-vortex sizedimdity, for bothfe(sc) andfe/f(sc) scheme alternatives.
Lin-VGR-L,in contrast and undde(sc), generates exaggerated (double-sized in contraduéal-VGR-I).

salient-corner vortices in intensity, with stron@gnification of the lip-vortex. Thus, stability gai are
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played off against accuracy. There are similar ofag®ns made under tHe/f(sc) schemewith growth

of lip-vortices and salient-corner vortices. Yettlas juncture, the lip-vortex is constrained izesiand
does not influence the salient-corner vortex qagenuch (see on, to more critical solution levalghat

is apparent is the strong influence of the coriggarity upon theLin-VGRformulation for both stress
interpolations. This is demonstrated even more etigadily at Welevels tending to critical. So thdtin-
VGR-L particularly stimulates large lip-vortex activity, revealing letmate large and separate lip and
salient-corner vortices (&e=4.0), and those that even merge (aft&x=4.0). The strong influence afn-
VGR-Lon lip-vortex activity is responsible for the saii-corner vortex enhancement at larger elasticity
levels, a fact sometimes reported for other fluiddels in these circumstances. This motivates be&ow
comparative study of smooth flow alternatives (spgn rounded-corner domains) to identify the rdle o

the singularity upon the discretisation options.

3.3 Rounded-corner solutions
3.3.1 Vortex behaviour:

The adjustment of the sharpness of the corner byding completely removes the lip-vortex solution
feature, as depicted in Fig. 7. Now and underfégc) scheme, we only observe salient-corner vortex
suppression with increasing elasticity upWe=5.0. This trend is in keeping across velocity-ggatl
schemes, and similar to that for the sharp-corrithr @uad-VGR-L Yet, theLin-VGR-L predictions still
display over-exaggeration in contrastQoad-VGR-I. of O(25%). At super-elevated/elevels {Ve>5.0)
attainable undekin-VGR-Lalone, salient-corner vortex intensity is obserteedlowly enhance, as clearly
illustrated in Fig. for We=7.5 andWe=9.5. So, once again, the stronger stability priggemattached to
the linear form when the singularity is omittede aetained up to the super-elevated critical level,
We,=9.9.

3.3.2 Stress profiles with increasing We

Fig. 8 illustrates the lower stress-peaks generated byroe@ded-corner above the sharp-corner
solutions at comparabl&/elevels, and the enhancementife,; accordingly. Precisely, faQuad-VGR-L
the We,;; increase is 3.6 to 5.1 (two unitgyhilst with Lin-VGR-L,it is 5.7 to 9.9 (four units). There is a
lowering of stress-peaks at largéfelevels underlin-VGR-L, in contrast toQuad-VGR-L In fact, we
observe a plateau in stress-peak levels uhiteYGR-Lfor We=4.0, whilst stress-peak levels continue to
increase undeuad-VGR-L.This allows theLin-VGR-L form to double its level of criticalVe (to
We,=9.9). BeyondWe=4.0 and for both velocity-gradient alternativeswdstream wall-stress even
exceeds that of the stress-peak. The build-upre$stafter the corner along the downstream watlyeyps

minor perturbations in profiles with th@uad-but notLin-VGR-Lversion, although identical stress levels
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are reached on the boundary wallVie=3.5 andWe=5.5, as depicted in Fig. 8b. These appear to be
lessened over their sharp-corner counterpartse@pikg with stress-peak reduction. Neverthelessh su
downstream oscillations are still apparent undeiLth-VGR-Limplementation. Fokin-VGR-L, localised
oscillations appear around=8 units from the corner-front face (location of mekimsity change), which

are noted to spread fo¥e=6.0 (see Fig. 8a &/e=9.5).

3.3.3 Stress and velocity gradient fields

In Fig. 9, stress and velocity gradient fields previded atWe=2.5 and 5.0. At the lower level of
We=2.5, stress fields remain smooth streamwise amsbestream under both velocity-gradient treatments.
We note however within-VGR-L, that we can detect minor oscillations at thedfihe corner-rounding.
This is highlighted below by analysing théGRfields underLin-VGR-L oU/ox and oU/dy are non-
smooth, close to the corner. On the contrary uQead-VGR-Land at the sam@/elevel of 2.5,VGR-
fields remain smooth, even for contours aroundctireer. For botlVGRL-variants and atve=5.0 (about
critical for Quad-VGR-L),although stress fields remain smooth in the domastillations become
apparent whilst approaching the near-corner viginihese oscillations are more pronounced uhifer
VGR-L,as gathered from théGR{ields. At thisWelevel (half way toward&Ve,; for Lin-VGR-L), the

more significant oscillations cross-stream dispéusther along the downstream wall.

After thoroughly investigating the localis®GR-L treatment, we turn our attention next to the globa

domainVGR-Gapproach, yet omitting rounded-corner data.

4. Global velocity gradient treatment

Under global weighted-residual treatment, as wibalised approximation, there are tW&GR-G
choices available independent of scheme/stresgpoitgion employed, see Table I. These ®ead-
VGR-G where the velocity-gradients are computed at theeregelement nodes, based on quadratic
interpolation; andLin-VGR-G where the interpolation is linear on the subcelhder global domain
treatment, a principal objective is to demonstthtetheoretical capture of the localised verdionVGR-

L, when we revert to row-sum mass-lumping. This statgnmolds for eithefe(sc) orfe/f\sc)-versions,
noting the equivalence taedian-dual-cell fe/fgc)-approximation [4,15]. In addition, two-itenai
sweeps with one ring of inter-connection estabtisheetween solution nodal variables beyond the
principal evaluation node (vertex), is equivalemtat localised Galerkin approximation per node where
only the local compact support contributes (Corglia). Addition of subsequent iterative sweeps exisa
the layers of rings for solution dependence, patiety the system matrix further. For conciseness, w
only analysede-schemes under both velocity-gradient implementatiaith either parent quded{par) or

subcellfe(sc) forms. In practise, thie/fv(sc)global implementation proves identical to teésc)-form
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with mass-lumping, as demonstrated above. Furthermader various settings and depending on the
number of mass iterations selected, this allowsgsto theoretical counterparts in localised smhsti
(e.g. under a single iterative sweep, mass-lumpagvell as trends gradually approaching the cgeek

state of global domain-based forms (based on,fs@yiterative sweeps and higher).

4.1 Five mass iterations

Under this iteration setting, we are essentiallpsidering iterative converged solutions (see below)
We refer to Table Il for a comparative summary diesne characteristics and solution properties at a
common levelWe=1.0. We also report levels @fe,; and draw distinction between the various degrees of

solution smoothness and scheme failure.

4.1.1 Influence of space inclusion for stress afRY

The principal feature lies in the state\0GRfields of Fig. 10at sub-criticaWe=2.0. We analyse the
sufficiency condition [6] for space-inclusior{S(D u O QT)} under the two relevant stress
approximations (quatk(par) andfe(sc)), combined with three possible forms of velpcjradient
representation@uad-VGR-@ar), Lin-VGR-Gpar)) on parent element andin-VGR-Gsc) on subcell

reference. This yields six possible combinati()ﬁlﬂ,r) to analyse under the TGPC-stencil. In the present

study, the use of velocity-gradient recovery presi@-representation compatible with that of stresspas
the Hermitian element study of [6]. Note that linettess interpolation in the context of quadraétocity
interpolation on the same (parent) element is d webw violating function space combination, see
[26,27].

Considering first identical element reference, Qtefpar) andQuad-VGR-@par) treatment exposes a
common quadratic interpolation for bothVGR (Duz'p) and stress on thsharedparent element
fe(par)). Note, space inclusion with equal order al@ent may be interpreted in either directionthsa
{S(D U= QT)} The VGRfield at We=2.0 is partially-smooth throughout the downstredomain, as

depicted in Fig. 10a (right), resulting in oscidlat stress field patterns (streamwise with fieltigteation
cross-stream, Fig. 10a (middle)). This demonstrsigss of system inconsistency (stable, but inateura
through the combination of function spaces affordadpection of the corresponding stress profiles o
Fig. 10a (left) reveals that with risingfelevels, stress-profiles manifest local oscilladhat only slowly

decline along the downstream boundary wall.

A second combinatioantails sub-cell reference only with linear orden-VGR-Gsc) (Dul'sc) and r-

fe(sc)-variant. Under this arrangement, smooth psfdre extracted along the boundary wall, reaching
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‘constant non-oscillatory’ plateau p@re as depicted in Fig. 10b (left). This is similarfindings under
the localisedvGR4reatment, with eitheQuad/Lin-VGR-L In addition, all post-corner stress-profile dips
remain positive up tWVe,. Furthermore aVe=2.0, the stress field (Fig. 10b, middle) andRfield (Fig.

10b, right) are smooth on the domain (without destidn, streamwise or cross-stream). Hence, system
consistency (stability and accuracy) is capturedeursuch subcell linear interpolation for batGR and

stress. This is the optimum combination observetbuglobal approximation.

The remaining possible combination under identipatent element of reference is of unequal

approximation order. This applies second ordegrjulation for stress: Qudedpar) and a linear order

for VGR Lin-VGR-GQpar), (Dul'p), so that theVGR space is contained within the stress space:

S(Du) U S(T). This combination completely failed to provide @neerged solution at even the smallest

level of We=0.1 (Fig. 10c), resulting in a worst-case fails@nario. This is in line with the claim of
sufficiency (alone) of the space inclusion conditias in Marchal and Crochet [6]. That is not distng
the open possibility that space inclusion could &ls inverted, so that inclusion itself is violateith this

combination of function spaces.

Mismatch of element-base for stress an@R has been found to worsen system instability. This
situation intrinsically defies space inclusion (@r@bvious), as corroborated through the combimatib
the fe(sc)-stencil for stress whilst maintainifiguad-VGR-@ar) form, conveying a mismatch in order
and element reference. At subcritié®le=2.0, this demonstrates even great@Rfield pollution (Fig.
10d, right) than undeQuad-VGR-@ar) and Quade(par) (of Fig.10a, right). This state is now clearly
apparent also in the stress field solution (Figb,lfiddle) a worsened state over that for (Fig.,10a
middle). The solution state is designated as ‘gfisonon-smooth’ in Table I, column 1. Stress plei
show that the position gradually worsens with iis&Ve Note, this setting provides the only instance
where stress order is one order lower than on itglgcadient (even on mismatching element refergnce

adding some strength to the above statement odirhetion of containment of function spaces.

Alternatively, by switching to the linear velociyradient approximation on the subcdlin-VGR-
G(sc) (Ou™*9, with quadfe(par), this particular combination also completiiyed to provide a converged
solution atWe=0.1 (Fig. 10e). Such an approximation is also snmatch in order and element reference —

again resulting in a worst-case failure scenario.

Maintaining linear interpolation order and elememsmatch, as foLin-VGR-Epar) (Dul'p) with

fe(sc) combination, leads to system failureVé#=0.1 once again (Fig. 10f), replicating the comgliet

unstable state.
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This understanding would lie alongside perceiveddam of practical experience; see Marchal and
Crochet [28]. In their work on coupled formulatioasd rectangular elements, they also propdsed
subcell linear as a stable interpolation of stexss velocity gradients (global-weak form), basegarent
elements with bi-quadratic approximations on velociAt this juncture, we emphasise that under
matching element of reference and identical ordéaen space inclusion is satisfied, stability ishgaed.
Furthermore, quadratic order is seen to degraderacg when applied to the parent element. For
illustration, we observe stability/accuracy undeeér order [(in-VGR-Gsc) ande(sc)), but only stability
with quadratic orderQuad-VGR-@ar) and quade(par)). Mismatch in element reference and unequal
interpolation order based on the gloW&R context, violates the sufficiency condition on epinclusion,
and displays various degrees of system incompityibiteakdown. This ranges from strongly non-smooth
fields, with some essence of stability retentiom,complete lack of stabilityStrongly non-smooth
solutions result withfe(sc) andQuad-VGR-@oar), with strong disturbance distributed throughthe

downstream flow section. Complete instability apgliunder quaée(par) andLin-VGR-Gpar or sc).

Consequently, only stable and accurate combinat(dimsr) under identical element of reference and

equal order are employed in the present st@lyafl-VGR-Gand quade(par) under parent element and
Lin-VGR-Gandfe(sc) under subcell-basis).

4.1.2 Compatibility repair through recovery and/or straiate-stabilisation:

Under the global-context, we are now in a posittoninvestigate the possible repair of system
consistency, manifest through the various degrdesnaccuracy or stability explored in solutions
discussed thus far. In particular, we may intertegdifferent aspects associated WIBDEVSS

implementations, appending Strain-Rate-Stabilisaf®R3 via the momentum differed-correction term,

a(D-D,), see Belblidiat al [1,5] for definition.

With each pair of(Du,r), we have three possible implementations in mirdSRScombined with

VGR treatment in the constitutive equation (CE), theed scheme as abov&RSwithout velocity
gradient recovery treatment in CE (equivalentDi&VSS; and SRSjoint with VGR in CE (to mimic
DEVSSG). The outcome of such options spans the columfisabfe I, where interestingly comments on
smoothness of solution apply at #elevels, not onlyWe,;.. Our prior experience with localisatlGR
treatment [9], would indicate that inclusion\WER in one or either of the stress or momentum equoati
is somewhat equivalent in practical stability pmtigs inherited. An overview of Table Il findingsowld
indicate thaneither Recovery nor SRS seriously influence e sif system consistendyence, smooth,
partially-smooth, strongly non-smooth, or unstabtates stay largely unaffected wh&RS and/or

recovery is introduced. Possible exception to stiement is for th®EVSSimplementation on quad-
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fe(par) undeQuad-VGR-Gwhere the partial field smoothness\&Ris not inherited by stress, resulting
in smooth stress fields, with a penalty of lowering,;; (to 1.4 from a position of 2.2, see Table II). At
this juncture, global quadratic recoverM@®R employed in CE alone or with CE aB&Smomentum, is
responsible for degradindGR (and therefore stress) fields to a partial-smoeskrievel, whilst elevating
stability properties (toVe=2.6). DEVSS-Galso enhances stability, without repairing lacksofution
smoothness; converselpEVSSdegrades stability. Not unexpectedly, once smashrof solution has
been established (stable and accurate), as feftit) underLin-VGR-G then DEVSS-G(or equally
DEVSS strategies are found to further compliment sighbgains e, rises marginally from 2.7 to 2.8).

A further realisation is thaBRSinclusion has little influence in suppressing sreream numerical
diffusion, as previously suggested theoreticallyisTis apparent from stress fields: discontinudptaring
for the non-smooth corner solution is the curramgtble gain — with lowering of stress-peaks ameffi

capture of post-corner stress-dips.

4.2 Effect of iteration number

In this section, we highlight the influence of theration number employed within tHen-VGRG
treatment, under a single stress scheme stenf@(saf). Mass-lumping is often employed as a stalbitisa
technique. As shown in Fig. 11, we demonstrateetfect of reducing the iteration number, from fige
one. This has a direct impact on the critical lexfélVe attained \We,;=5.5 for Miter=1, in contrast to 2.7
for Miter-converged). For mass-lumping stabilisatiand largeWesolutions YWe>3.0), oscillations are
introduced in downstream-wall stress-profiles. Ehese similar to those already observed under the
localised linear treatment of velocity-gradientin¢VGR-L). Note, that wall stress-levels tend to reach a
plateau along the wall, although profiles becom&rdasingly more oscillatory with rise We These
oscillations are completely removed by increasirigeMo five and beyond, to a limiting Miter-conged
state. At the same time, the levels of stress-peaghed under Miter-converged at equitabielevels are

slightly elevated above those for Miter=1, with igiea capture of solution peaks and dips.

These comments are reflected also in stress andityetpadient fields, as depicted in Fig. 11. Under
fe(sc)-scheme antin-VGRG treatment, stress fields at both levels of mamsitibns (one versus Miter-
converged), remain smooth at low&televels WWe=2.0), as a consequence of smooth velocity gradient
fields. These findings are maintained under theeMibnverged configuration up tWe=2.7.
Alternatively, under Miter=1 and at the largételevel of 5.5,VGRoscillations around the corner are

transmitted along the wall. This is a feature tiesults in more oscillatory wall stress-profiles.
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4.3 Vortex behaviour

Under Quad-VGR-Gguadfe(par) and Miter=5 atWe=2.0, there is a miniscule lip-vortex presence as
shown in Fig. 12, with a well-developed salientremrvortex. This result is largely in keeping witte
literature, and increasing Miter number only sertegighten the agreement. Thén-VGR-Gfe(sc)-
variant under the same Miter setting (of five) Hafivered a larger lip-vortex (by about thirteemeis) in
contrast to the quafdpar)solution. Correspondingly, the salient-corner witealso larger. Indeed, this
comparison made ate=2.0, demonstrates the sensitivity of the numergdieme employed to the
velocity-gradient treatment, and hence, the corbjiigyi of function spaces employed thereby.

Reassuringly, we also observe that larger Miterlmemsolutions tend to the consensus solution.

Considering onhLin-VGR-Gfe(sc)solutions and reduction of iteration number (Mitigm five to
one, we observe from Fig. 12 that both lip andesadcorner vortices are over-exaggerated. We ihate t
none of the Miter=1 findings presented for theesgdlicorner vortex under the global treatmenvV&R
match those of our earlier work [1], or those psildid by Alveset al. [18] and others [5,19]. Through
these stream function predictions, we are ablestedll the vital importance of sufficiency of coryemnce
in intermediate/GRsolutions. This is further supported through vetirends at extended elasticity levels
of We=5.5, undeffe(sc) and Miter=1. As we have observed underLiheVGR-L-fgsc), there is merging
of vortices (salient-corner and lip), producing exctessively large vortex intensity. We argue thasée
findings are strongly influenced by the numericascdetisation error introduced viain-VGR-G
(Miter=1).

4.4 Localise vs. globalelocity-gradientreatment

At this point, we draw the various strands of therkvtogether under comparison of localised and
global velocity gradient approximation. First, vede the comparison over pointwise treatments utider
fe(sc) stencil alone:Quad-VGR-LandLin-VGR-L.As illustrated in Fig. 13a, we are able to identifig
sharp capture of stress-profiles with Baad-VGR-Lversion. Second, re global approximations we may
interrogate the influence of mass-iteration numitzery in so doing expose the quality of converged
intermediate-stepy GRsolutions. We observe that mass-lumping (one i@ratunderestimates stress-
solution profiles, in comparison to five-iterati@olutions, a trend that continues similarly up tiev
convergence (Fig. 13b). The one-iteration versgtheoretically known to be equivalent to the pwoise
Lin-VGR-L form (alsofe/f[sc) equivalent), and this fact is confirmed in fiv&l column of the figure
throughout théVerange (Fig. 13d).

When considering comparison between localised {pose-Quad and global (Galerkitiin)

approaches, we are able to detect that with safficpursuit of velocity-gradient convergence, globa
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schemes can reproduce the high precision of thergtia local form (see Fig. 13c). There is ample
evidence at this point of the benefits that reduftm the additional &continuity of VGR and
superconvergence property on triangles @aad-VGR-Lenjoys [9,29], alongside the localisation that is
inherent. Clearly, when strictly local features present in the problem, such asiom-smoottlows say
about re-entrant corners, the localisation propemgy have a stronger role to play. Note, mass

conservation is ensured throughout, independestitgme an¥GRtreatment (with or withoubR$.

In passing and with back-reference to section 4vid,summarise in Table Il the position re the
potential benefits derived under thaxalised velocity gradientreatment withfe(sc). This is a position
where solution smoothness was observed indeperddntalisedVGR interpolation order Quad/Lin-
VGR-D. In our prior work [1,5], based dQuadVGR-L, SRSaddition DEVSS-G was found to enhance
stability properties and retain accuracy, with gfigant impact uponWVe,; elevation (from 3.6 to 4.2, see
Table Ill). There, the influence @RSinclusion at largeNe remained localised through the lowering of
re-entrant corner stress-peaks. This lay in distituntrast to the situation withouRStreatment.
Furthermore SRSretains solution smoothness as depicted in Tdbl&the DEVSSform provides less
stability, as reported in [9]. Upon recasting witie Lin-VGR-L-version, we observe no significant gain in
stability and accuracy from a position under $8S In summary and due to overall field findings
(streamfunction), we recommend employmentQafad-VGR-Lapproximation to achieve both stability

and accuracy und&gRStreatment.

4.5 Asymptotic behaviour and mesh refinement

In previous studies, we have conducted extensig@adonsistency analysis based on three levels of
mesh refinement (M1, M2 and M3), see on [4,16,8&tticularly, in [1] and undefe(sc) scheme and
Quad-VGR-Ltreatment [1], where the use of M3-mesh was jigstithrough the analysis and contrast
against a more refined mesh M4. The combinatidme#fr stress approximation with a quadratic vejoci
gradient recovery technique under a pointwise aggroQuad-VGR-). has been found to maintain a
second-third order spatial accuracy. In the pres&mdy and for completeness, we display in Fig. 14
consistency through solution asymptotes and mdstersent (M1, M2 and M3, introduced in [1]) for the

fe(sc) scheme andin-VGR-G treatment. Here, we considey, fields atWe=1.5 along with contrast

againstQuad-VGR-Lsolutions of M3-mesh, for robust implementatioméyo This evidence justifies the
choice of the refined M3-mesh, shown in Fig. 1, tigto the sufficient solution smoothness and resmiuti
extracted thereupon. Moreover, \We=1.5 and under M3-mesh (Fig. 14)n-VGR-G treatment under
fe(sc) scheme captures the correct theoretical astioptend, being 5/9 rate for velocity componesmsl
-2/3 slope for stress. Interestingly, we obsenat tin-VGR-Gis more sensitive to mesh refinement in
achieving accuracy (see M1-M2 behaviour) in contt@®uad-VGR-L(of [1]).
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5. Conclusions

This investigation has highlighted some of the advges and disadvantages of applying localised
(pointwise) and global (Galerkin) approximationsviocity-gradient fields in the context of viscastic
flow. In our prior companion paper, base-formseajévant pressure-correction schemes were estatblishe
quadfe(par), fe(sc) andfe/f(sc), upon which this study has been constructde present work has
proved successful in theoretically linking globabeoximations to their localised counterparts. Ehgr
the inadequacy of inaccurate but stable versionslmaappreciated, through their corresponding smiut
features. These issues pervade all formulationapled or pressure-correction, and in focusing on

velocity-gradient approximation, also by implicationiversally to all discrete representations ofss.

The efficiency of localised schemes is particuladitractive over their global alternatives, as
localisation offers little restrictions on choicEVWGRorder of interpolation and potentially other betsef
in tighter capture of local solution features (distinuity capturing for non-smooth flows). We haheen
able to identify the favourable strong stabilitydagccuracy properties afforded by the super-corarerg
quadratic velocity-gradient interpolation on thegrd-elementocalisedformulation Quad-VGR-). The
various alternative interpolation combinations o#fi prove less favourable in comparison; in paldicu
global forms and the localised linear velocity-gesud interpolation on the sub-elememntin-VGR-L-
fe(sc)). This largely bears out the need (or not)tiersatisfaction of the extended LBB-conditiorspace
inclusion of Marchal and Crochet, and Fortin andtiRo Experience has revealed that gloW&R
extraction is more restrictive in satisfaction bétspace-inclusion principal: here orlin-VGR-Gwith
fe(sc) has proved stable and robust. Under locaN&&B-approximation, wider latitude is permissible: so
that higher-order approximation (quadratic) mayréalised and localised properties may be brought to
bear, such as superconvergence. In addition ardesign, these recovery techniques offéc@ntinuity
on velocity gradients. Their localised nature matkese procedures more suitable for non-smoothstlow
Loss of the superconvergence property may be ajgpeelcthrough the.in-VGR-L treatment. Overall,
efficient localised formulations have been helgfulclarifying that space inclusion is a non-necegsa
convergence condition in the viscoelastic context.

With respect to aspects of detail relatingdBVSStype implementations, we can comment that once
function spaces for the principal variables of strand velocity-gradients have been selected,thiat
choice rather dictates the state of system comsigtel his is largely uninfluenced by recovery, orag-
Rate Stabilisation, or their combination. Once Igtaimd accurate solutions have been devised, bely t
can enhanced stability be engineered by such addlitistrategies. In addition, Strain-Rate Stalilisa
proves itself to be particularly effective in itscontinuity capturing properties [3,5], pertingherefore

to non-smooth corner solution representation.
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Table Ill. Compatibility through momentum treatmgefsc), localVGR-L, We=2.0

Tablel. Velocity-gradient treatment

VGR-L VGR-G
Local- ptwise Global-Galerkin

Quad-VGR-L| Lin-VGR-L Quad-VGR-G| Lin-VGR-G

Ou®? Ou*= fter. Ou®? Ou*=

Mass 1 - -
r—fegpar) Wey, =2.2° Theoretically
P rit —&- il _

t asLin-VER-Gl \iass5|  weg, =2.22 fail *

Mass 1 fail * We,i =5.52

-fe(sc
' ﬁ,(sc ) Weyi =3.61 | Wey =5.77
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TableIl. Compatibility through momentum treatment, gloW&R-G Miter=5; We=1.0

Recov., no SR$% No Recov., SR$ Recov., SRS
(no treatment) (DEVSS) (DEVSS-G)

Quad-VGR-G(Ou?P) - parent

fe(par): 27 stres€, VGR? | stress, VGR? | stres¢, VGR?
T-Te(par);

We:rit =22 W%rit =14 W%rit =26
fo(s0): & stress’, VGR?® fail 4 fail 4
1-fe(sc):;
Weyy = 3.0 - -

Lin-VGR-G(Ou™) - subcell

t-fe(par); 7*° fail 4 fail * fail *

stress, VGR! | stress, VGR! | stress, VGR?!

t-fe(sc); *°

Wey = 2.7 Weyi = 2.8 Weyq = 2.8

Lin-VGR-G(Ou™P) - parent

t-fe(par); P fail * - -

t-fe(sc); 7+ fail 4 - -

M smooth, @ partially smooth,® strongly non smooth® complete scheme failure

Note & @ ® gt anyWelevel,” We=0.1 not reached from quiescent state
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(no treatment) (DEVSS-G) (no treatment) (DEVSS-G)
Quad-VGR-L(Ou?") Lin-VGR-L(Ou™%)

1-fe(sc); 7+

(stress profile,
stress andVGR *

(stress profile,
stress andVGR *

stress profilé,
(stressVGR *

stress profilé,
(stressVGR !

Weyi = 3.6

Wey, = 4.2

Weyi = 5.7 We;: = 5.8

@ smooth,® partially smoothNote ® @at anyWelevel
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